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Abstract 

The canonical decomposition of a real Klein-Gordon field in collective 
and relative variables proposed by Longhi and Materassi is reformulated on 
spacelike hypersurfaces. This allows to obtain the complete canonical reduc- 
tion of the system on Wigner hyperplanes, namely in the rest-frame Wigner- 
covariant instant form of dynamics. From the study of Dixon's multipoles 
for the energy-momentum tensor on the Wigner hyperplanes we derive the 
definition of the canonical center-of-mass variable for a Klein-Gordon field 
configuration: it turns out that the Longhi-Materassi global variable should 
be interpreted as a center of phase of the field configuration. A detailed study 
of the kinematical "external" and "internal" properties of the field configura- 
tion on the Wigner hyperplanes is done. The construction is then extended to 
charged Klein-Gordon fields: the centers of phase of the two real components 
can be combined to define a global center of phase and a collective rela- 
tive variable describing the action-reaction between the two Feshbach-Villars 
components of the field with definite sign of energy and charge. The Dixon 
multipoles for both the energy-momentum and the electromagnetic current 
are given. Also the coupling of the Klein-Gordon field to scalar relativistic 
particles is studied and it is shown that in the reduced phase space, besides 
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the particle and field relative variables, there is also a collective relative vari- 
able describing the relative motion of the particle subsytem with respect to 
the field one. 
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I. INTRODUCTION 



Recently a new instant form of dynamics, the rest-frame Wigner-covariant instant form, 
was defined in Ref. |L) as an important tool for the program of obtaining a unified de- 
scription of the four interactions with a canonical reduction to the independent degrees of 
freedom (Dirac's observables for a generalized Coulomb gauge; see Ref. for a review). 
This tool emerged from the study of the reformulation of ordinary theories in Minkowski 
spacetime on arbitrary spacelike hypersurfaces as a prerequisite to their description in curved 
spacetimes. Since this formulation is the classical background of the Tomonaga-Schwinger 
description of quantum field theory, this new instant form will also open the possibility to 
obtain a Wigner-covariant equal time quantization of Minkowski theories, to define a set of 
Tomonaga-Schwinger asymptotic states and to open new possibilities for the description of 
relativistic bound states, whose formulation in the framework of the standard Fock approach 
is still problematic (see Ref. and the spurious solutions of the Bethe-Salpeter equation 

I)- 

In the rest-frame instant form of every isolated system there is a 3+1 splitting of 
Minkowski spacetime with a foliation whose leaves, labelled by a scalar time parameter 
r, are the spacelike Wigner hyperplanes Evp T orthogonal to the four-momentum of the iso- 
lated system (assumed timelike). In an arbitrary Lorentz frame the points of the Wigner 
hyperplane T> Wr have coordinates z^{r,a) = x%(t) + ef?(u(p s ))a r : the point x%(t) is an 
arbitrary origin for the 3-coordinates a on £jy T and p%, its conjugate momentum, is orthog- 
onal to T^wt [ e r( u (Ps)) are three suitable spacelike four- vectors tangent to £w T ]. After the 
canonical reduction of the isolated system to the Wigner hyperplanes we remain with four 
universal first class constraints |T|: 

i) one, p 2 s ~ , identifying the invariant mass M sys of the isolated system as the Hamil- 
tonian for the evolution in the rest-frame time; 

ii) three others defining the rest frame by the requirement that the (Wigner spin 1) total 
3- momentum of the isolated system is zero, P sys ~ [so that p^ ~ M sys u^(p s ), with the unit 
four- vector U^{p s ) describing the orientation of the Wigner hyperplanes with respect to the 
arbitrary Lorentz frame]. 

Among the physical canonical degrees of freedom there are the coordinates of a point of 
the Wigner hyperplane, different from its covariant origin x%(t) of the internal 3-coordinates, 
with canonical noncovariant coordinates x^(t). This point, the classical analogue of the 
Newton- Wigner position operator, is decoupled from the system, describes its "external" 
center-of-mass variable and may be interpreted as a decoupled point particle observer with 
his clock measuring the rest-frame time. Instead, on the Wigner hyperplane there are only 
physical canonical relative degrees of freedom, whose identification requires the addition of 
three gauge fixing constraints X sys pa 0, so that the constraints X sys pa and P sys ~ are 
second class and may be eliminated. These constraints X sys pa may be interpreted as the 
elimination of an "internal" center-of-mass-like variable of the system, which is the gauge 
variable conjugated to the first class constraints P sys ~ 0, so not to have a double counting 
of the center-of-mass degrees of freedom. The constraints X sys pa eliminate this "internal" 
center-of-mass-like variable from the physical degrees of freedom forcing it to coincide with 
the arbitrary origin x%(t) = z^{t, a = X sys = 0) of the Wigner hyperplane. 

An open problem is the identification of these constraints X sys pa for the various isolated 
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systems. In a future paper it will be studied for a system of scalar particles. Instead, 
in this paper we will study this probem for the real Klein-Gordon field, as a particular 
aspect of the more general problem of finding canonical collective and relative variables for 
its configurations. In Refs. ||[7j Longhi and Materassi found a set of such variables in the 
standard Lorentz covariant approach. In this paper we shall reformulate their solution on 
the Wigner hyperplanes starting from the formulation of the Klein-Gordon field on arbitrary 
spacelike hypersurfaces in Minkowski spacetime M . Then, after having expressed the energy- 
momentum tensor of the Klein-Gordon field on the Wigner hyperplanes, where it assumes 
a form similar to the energy-momentum tensor of a relativistic perfect fluid, we shall study 
Dixon's multipoles || of the field. This will open the way to the identification of the 
"internal" center of mass = of the Klein-Gordon field and to the realization that the 
Longhi-Materassi collective variable is not the center of mass but a "center of phase" of the 
field configuration. 

By considering a Klein-Gordon field configuration as a relativistic extended object, we 
can make a detailed study of the kinematical properties of the description of such an object 
on Wigner hyperplanes. 

Then we shall apply the same approach to the system of N scalar particles interacting 
with a real Klein-Gordon field and to the system of a complex charged Klein-Gordon field 
plus the electromagnetic field. In the latter case its two components with definite sign 
of energy and charge (identified by means of the Feshbach-Villars formalism in absence of 
interaction) generate two centers of phase, so that, besides the global center of phase of 
the complex field, there is a second collective variable describing the global action-reaction 
between the two components. A similar collective variable exists also for the system of N 
particles interacting with a real Klein-Gordon field. 

In Section II the real Klein-Gordon field is reformulated on spacelike hypersurfaces in 
Minkowski spacetime, following Ref. ||, and then restricted to Wigner hyperplanes. 

In Section III its modulus-phase variables on the Wigner hyperplane are defined. 

In Section IV there is the definition of the collective and relative canonical variables and 
the inverse canonical transformation to express the original real Klein-Gordon field in terms 
of them. It is shown that each constant energy surface of the Klein-Gordon field is the 
disjoint union of symplectic manifolds. Also a set of canonical multipoles is defined for a 
certain class of field configurations and there are some comments on the self-interactions of 
the field. 

In Section V the energy-momentum tensor of a configuration of the real Klein-Gordon 
field is restricted to the Wigner hyperplanes and there is a study of Dixon's multipoles on 
it. This suggests a definition for the relativistic center of mass of the field configuration. 

In Section VI, by using the group-theoretical methods of Ref. [10|, there is a complete 
discussion of the concepts of "external" and "internal" (with respect to the Wigner hyper- 
plane) centers of mass of the field configuration. The Longhi-Materassi collective variable is 
interpreted as a "center of phase" of the field configuration. 

In Section VII the isolated system of N scalar particles interacting with a real Klein- 
Gordon field is studied to visualize its collective variables and their interpretation. 

In Section VIII the previous analysis is extended to the charged Klein-Gordon field by 
defining the collective and relative canonical variables for its positive and negative frequency 



parts with the help of the Feshbach-Villars formalism [11-13]. The two collective variables 
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can be combined to give the overall "center of phase" of the field configuration plus a 
collective relative variable. Then there is a study of the coupling to the electromagnetic 
field and of the Dixon multipoles. 

In the Conclusions there are some comments about the utility of the multipolar expan- 
sions of the Klein-Gordon field in general relativity and about the problems existing for the 
quantization of the collective and relative variables. 

In Appendix A there are some notations for spacelike hypersurfaces. 

In Appendix B there is a review of Longhi-Materassi papers. 

In Appendix C there is a review of the Feshbach-Villars formalism and the definition of 
the Fourier coefficients of the Klein-Gordon field corresponding to the solutions of the square- 
root Klein-Gordon equation with both positive (or negative) energy and electric charge in 
the free case. 

In Appendix D there is the expression of the invariant mass for the charged Klein- 
Gordon field plus the electromagnetic field on the Wigner hyperplanes in terms of the Fourier 
coefficients defined in Appendix C. 
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II. THE REAL KLEIN-GORDON FIELD ON SPACELIKE HYPERSURFACES. 



In Ref. H there is the description of scalar electrodynamics on spacelike hyper surf aces. 
In this Section we shall review this description restricting ourselves to a real Klein-Gordon 
field with a self-interaction V(<f)) following the scheme of Ref. |l[] [see Appendix A for the 
notations; 0(r, a) = <90(r, a)/dr]. The action of a scalar Klein-Gordon field reads 



S 



drd 3 aN(r, a)^(r, a) 



g TT <P 2 + 2g 7 



%<p + g rs d f <pd- s (t) - m l tf - 2V(<p) (r, a) 



drd s a^(r, a) - [-[d T - iV r «9,]0[«9 r - N s d^ + 



+ N[Y s d f (j)d s <j) - m 2 (j) 2 - 2V(<j>)] (r, a). 



(2.1) 



where the configuration variables are z M (r, a), 0(r, cr) = <f)(z(r, a)). The main difference 
between the standard theory and the one on spacelike hypersurfaces is that now the config- 
uration variables are the fields 0(r, a) = 4>(z(t, <?)) = (0 o z)(t, a), with (p(x) solution of the 
Klein-Gordon equation. These new fields = o z contain the nonlocal information about 
the 3+1 splitting of Minkowski spacetime M 4 with a foliation of spacelike hypersurfaces E r , 
obtained through an embedding ExS-> M 4 , (r, a) \— > z M (r, a) [S is an abstract 3-surface 
diffeomorphic to R 3 }. The fields 0(r, a) have a built-in definition of equal time associated 
with the Lorentz-scalar time parameter r which labels the leaves of the foliation. 

Since = Nl^ + N r Zf, with the lapse and shift functions N, N r functionals of z^{r, a) 
through the metric #ab(t, a), one has ^ = Z M + z Sl /y sf -^. 

The canonical momenta are 



dL 



7T r, a 



IT, a 



dL 



N(r,a) 
N 

— % + N r d f 



- N f d f cf) 
t, a) 



dd T z^{r, a) 



y s dr<j)d S (j) + m 2 (f) 2 + 2V((f>)] 



+ z^(t, a)Y f (r, a) [^<9,0(0 - A^,0)] (r, a). 

We have the following primary constraints 
H^r^a) = p M (r, a) - 

^ [j fS d f <j>d s (t> - m 2 2 - 2V (0)] 
0. 



[t, a) + 



(2.2) 



-ln(r, a) 



r 7r 



-2^7 2 
- z ifl (r, a)Y s (r, a)[vr^0](r, a) 



.r, a - 



(2.3) 



and the following Dirac Hamiltonian [A At (r, a) are Dirac multiplier] 
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H D = j d 3 aX^(r, a)W M (r, B). 
By using the Poisson brackets 

{z^T,B),p v (r,B')} = V ^(B-B'), 
{4>(t, B),tt(t, a)} = 5 3 (a-a), 



(2.4) 



(2.5) 



one finds that the time constancy of the primary constraints does not imply the ex- 
istence of new secondary constraints. The constraints are first class with the algebra 
{H li (T,#),H v (r,ff)} = Q. 

The conserved Poincare' generators are 



(r,a) d 3 a, 

(r, B) p v (r, B) - z v (r, B) pf> (r, B)\ d 3 a. 



(2.6) 



Following Ref. 0, we can restrict ourselves to spacelike hyperplanes z M (r, (?) = a^(r) + 
bf(r)a r , where the normal Z M = 6" (r) ^{r)b1 (t) is r- independent [with 6^ = / M ; &^(t) = 

(r)) is an orthonormal tetrad]. Using the results of that paper we find that {x%, p u s }* = 
XgP% + and that the constraints are reduced to the following ten 



ones at the level of Dirac brackets [now y 



d 3 aH' 1 (T, B) = 



ir 2 + (d<PY + + 2V((j)) (r, B) 



b${r) / d 3 a[ndr(j)}(T,a) 



0. 



n 



flU/ 



d 3 aa f H v (T, B)-K(t) 



d 3 oo f W{r, B) 



~ | d 3 aa f [vr 2 + (<90) 2 + m 2 2 + 2V(0)] (r, a) 
(#(t)«£(t) - 6£(t)&£(t)) J dW[7rd s >](r, a) 

sir - b^m(r)s; s - tew - 



(2.7) 

where = (PI; P|) is the (Lorentz-scalar) 4-momentum of the field configuration and 



SI 



Jrs I _ CTr 

J <t> Ip*=o> </> 



its spin tensor [see Appendix B]. 



The configuration variables are reduced from z m (t, <?), (j)(r,B), to x%(t), to the six in- 
dependent degrees of freedom hidden in the orthonormal tetrad b^(r), to <p(r,B), and to 
the associated momenta: conjugate to x^; six degrees of freedom hidden in Sj? u as the 
momenta conjugate to the variables hidden in the orthonormal tetrad b^ [see Ref. [JTJ] for the 
associated Hanson- Regge Dirac brackets for these degrees of freedom]; 7t(t, B) conjugate to 
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If we select all the configurations of the system with timelike total momentum \p 2 s > 0], we 
can restrict ourselves to the special Wigner hyperplanes E Wr orthogonal to p^. The proce- 
dure for doing this canonical reduction implies [1[] to boost at rest the variables b^, Stf", with 

the standard Wigner boost L^ u (p s ,p s ) for timelike Poincare orbits [p s = (e s = ^syT^O); 

rj s = signp°] and then to add the gauge-fixings 6^ — u= ^(p s ,p s ) = — e^(u(p s )) ~ 
[u^ips) = Ps/e s ]. These gauge-fixings [only six of them are independent], together with 
Ti^ij) « 0, form six pairs of second class constraints. The Dirac brackets with respect to 
these second class constraints [implying / H^ v {r) = 0] admit the following canonical basis: 
0(r, <?), 7r(r, <j), x%(t) [it is not a 4- vector, but has only the covariance of the little group of 
timelike Poincare orbits like the Newton- Wigner position operator], p^. As shown in Ref. [|TJ, 
the indices A = (r, f) are replaced by A = (r, r) ; all the quantities B T are Lorentz scalars, 
while the quantities B = {B r } are spin-1 Wigner 3-vectors; instead p^ is a Minkowski 
4-vector giving the orientation of the Wigner hyperplane with respect to a given Lorentz 
frame. We get J£ u = x^p y s — x u s p^ + S% v with the spin tensor S% v given in Eqs.(59) of Ref. 

Therefore, the final effect of these gauge-fixings is a canonical reduction to a phase space 
spanned only by the variables x^(r), p^, <fi(r, a), 7r(r, cr), with standard Dirac brackets. 
Instead of x^, p^ describing a decoupled observer, one can use the canonical variables [Q: 
e s , T s = p s ■ x s /e s = p s ■ x s /e s , k s = p s /e s , z s = e s [x s - ^x°) [z s is the noncovariant 

Ps 

3-coordinate corresponding to the Newton- Wigner position operator]. 

The only surviving four constraints are [now P^ = {PI} is a spin-1 Wigner 3- vector] 



H(r) = e s - P; : 

H p (t) = p; = / dV[7r<90](<r, a) w 0. (2.8) 



d 3 a 



vr 2 + (defy 1 + mV + 2V(</>) (t, a) « 0, 



where P£ = (JPJ; P^), P£ = P£ + J d 3 aV(4>)(r, a), is the 4-momentum of the field configu- 
ration. The Dirac Hamiltonian is now Hp = X(r)7i + A(r) • 7i p . 

By defining Sf B = e^(u(p s ))e B (u(p s ))S£ 1 ' , we can showRef. |I| that on the Wigner hyper- 
planes we have S^ B = J^ b \ p d =0 = S^ B [J^ B is the angular momentum of the field configu- 
ration] and S ij = S ir S js S r s s = 5 ir S js Sl s , Sf = -5 ir S r s s 5 sj pi/(p° + e s ) = -<5 ir S£ s cpy s /Go°+e s ), 
so that J% v becomes independent from the boosts S^ r . Therefore, the generators of the re- 
alization of the Poincare group in the rest-frame Wigner-covariant instant form of dynamics 
("external" Poincare algebra) are p^ [or e s , k s ] and the Lorentz generators 

j^ = xy s -xi P i+5 ir P s s: s , 

sir ors n s 

joi ~oi _~i o _ u s fs 
Ps i" fc s 

grs = gr. = jrsy^ = J Sa{a^d s <j>] (r, *) - (r <-> s)}\ p ^. (2.9) 

With the gauge fixing x — T s — r rs 0, we can eliminate the variables e s , T s , and find 
that the r-evolution (in the Lorentz scalar rest-frame time T s = r) is governed by the 
Hamiltonian 
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H R = M <p -\(r)-H p (r), 



M^ = Pl= 1 -^ d 3 a[n 2 + 0<j>) 2 + m 2 2 + 2V(<f>)] (r, a), (2.10) 
where is the invariant mass of the field configuration [it replaces the non relativistic 



Hamiltonian H re \ appearing in the separation of the center-of-mass motion H = ^ + H re j\. 
In the gauge A(r) = 0, the Hamilton equations are [A = — d 2 } 

<9 T 0(r, o)=it(t, a), 

d T n(r, a) = [- A - m 2 ]0(r, a) - ^^(r, a), 

^[d 2 + A + m 2 ]0(r, a)=- ^M(r, a). (2.11) 

We got a description in which the noncovariant canonical "external" center-of-mass 3- 
variables z s , k s , move freely and are decoupled from the Klein-Gordon field variables 0(r, a), 
7r(r, a), living on the Wigner hyperplane and restricted by ~ 0. To reduce the field 
variables only to relative degrees of freedom one has to find an "internal" collective center- 
of-mass-like variable X^[0,7r] conjugate to P^, such that the gauge fixings ^ force 

— * 

the position of the field "internal" collective variable <? = X$ to coincide with the origin 
x s( T ) = z>1 (ji& = 0) of the Wigner hyperplane. In this way we get a decoupled point 
particle observer (the "external" center of mass of the isolated system) whose scalar time 
T s = r labels the evolution of the relative field variables on the Wigner hyperplanes, defined 
by the field configuration itself, foliating Minkowski spacetime. 
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III. FOURIER TRANSFORM AND MODULUS-PHASE VARIABLES ON THE 

WIGNER HYPERPLANE. 



In the rest-frame Wigner-covariant instant form on Wigner hyperplanes [in which one 
considers only field configurations with a timelike 4- momentum], we can define the Fourier 
coefficients of the fields 0(r, a), tc(t, a) 



with 



' a (r, q) = J d 3 a [to (q) <f) (r, a) + iix (r, a)] e*^^-**), 
a* (r, q) = J d 3 a [u (q) <p (r, a) - in (r, a)] e -*M<^-^), 

(r, a) = Jdq [a (r, q) e -^(i)r-^) + a * ( r> ^ e +i(«(9)T-?-*) 
7T ( r , a) = -ijdquj (q) \a (r, g) e -^)^^) _ a * ( r> e +i^(g)r-q-a) 



c(g) = v^+^, dg~=|j, fi(g) = (27r) 3 2c(g), g = |g1 = V¥- 



(3.1) 



(3.2) 



Here qA& A = ^(<?) r — Q • & is defined by using g A = (g T = u(q); q r ) with q T Lorentz scalar 
and q a spin-1 Wigner 3- vector like a [on arbitrary hyperplanes all the quantities r ,a ,q T , 
g, would be Lorentz scalars]. The Fourier coefficients are r-dependent only when there is a 
non null self interaction V(<f>); they and their gradients are assumed to belong to the space 
L 2 (dq). 

From the Poisson brackets {0 (r, a) , n (r, a')} = 5 3 (a — a'), we get [leaving the factor 
Q(q) to agree with the standard notations] 



{a (r, q) , a* (r, k) } = -tfl (?) 5 3 (g - fc) , 



(3.3) 



The 4-momentum and angular momentum of the field configuration are [V [a, a*] being 
the contribution of the potential V (0) when present] 



pr _ 



1 



PI + V [a, a*] = -J d*a[n 2 + (d<f>Y + m 2 2 + 2\/(0)](r, a) = 
J dqu (q) a* (r, q) a (r, q) + V [a, a*] , 
y dV[7r<90](r, a)= J dqqa* (T,q)a(r,q) , 



(3.4) 



7T 



<?' — - 1 ITT a ( r > ' 



F 



1 ^[Tr^^-cr^^Kr, a) 
ijdqa*(T,q-) v , ^ 

+ ± / dV ^ [vr 2 + (50) 2 + m 2 2 ] (r, a) 
dqu{q) a* (r, g) — a (r, g) . 



(3.5) 
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We want to define four variables X£[<f>, tt] = (X^X^) canonically conjugated to 

P$[<j>, 7r] = (P£;P<t,). First of all we make a canonical transformation to modulus-phase 
canonical variables 



' a(r,q} = y/ Tj^je ^^, 
a* (r, q) = yjl (r, q) e H^^] ? 

I(r,q) = a* (r, q)a(r,q), 



(3.6) 



</? (r, g) = £ In 



a*(r,q) 



{I(r,q)^(r, ( f)} = n(q)5 3 (q- ( f). 
In terms of the original canonical variables 0, 7r, we have 

I(r,q) = Jd 3 aJ dVe*^K#M) - m(r, oO] Hg)0(r, <x') + ^(r, a')], 



(3.7) 



J d 3 a' [u(q)(f)(T, a') - m{r, a')]e- i ^i) T -^ s ') 



= v(q)r + — In 



/ [w(g)0(r, <r) + m(r, a)]e~ if c 



J dV [u(q)(j)(r, a') - ct(t, <7')]e^' 



(3.8) 



(r, ff) = jdq J I (r, g) e M^9)-i(u;(<?)T- ? -.a) + e -^(T,?>i( w (,)T-fJ 



j<f>(T,q)-i{w(q)T-q-3) 



7r(r, <r) = -ijdquj(q) y/I(T,q) 
The Poincare charges of the field configuration take the form 

'^ = ^ + V[/,^] = /d?a;(9)/(r,9) + V[/,^], 

< 

k P = fdqql (r,q), 

' j; s = J dql(r, q) (q'JL - v ( r , q) , 

< 

J? = -rP; -Jdquj(q)I (r, q) ^ (r, g) . 
The classical analogue of the occupation number is [A = — d 2 ] 



iy{r,q)+i(u){q)T-q-o) 



N 4> = J dqa*(T,q)a(T,q) = JdqI(T,q) = 



(3.9) 



(3.10) 



(3.11) 



(3.12) 
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IV. COLLECTIVE AND RELATIVE CANONICAL VARIABLES. 

A sequence of canonical transformations from the field variables tc(x) = 9 t„ to 

the Fourier coefficients a(k), a*(k) [k^ = (k° = u{k = \k\) = \j m 2 + k 2 ; k)], then to the 
modulus-phase (or action-angle) variables I(k), <p(k), and finally to a canonical basis X%[F], 

P£, TC(k\F], fC(k\F] [depending on an arbitrary normalized weight function F(P ( j ) ,k)] was 
found in Ref. || when the real Klein-Gordon field 4>(x) satisfies certain conditions. The 
main results of that paper are reviewed in Appendix B. 

Here, we shall reformulate this approach on the Wigner hyperplane. Due to its peculiar 
Wigner covariance properties fl], the weight function F{P^ k) [with its generic non poly- 
nomial (for instance F ~ e~ p *' fe ) dependence upon P£ due to manifest Lorentz covariance] 

may now be replaced by two separate scalar functions F T (P£, q), P(P/,, q). Moreover, if we 

— * 

accept that these two functions are singular at q — 0, we can take them linear in P£ and P^ 
respectively: F T (P^,q) = P^F T (q), F(P^,q) = — P^ ■ qF(q) with a suitable normalization 
for F T (q) and F(q). 

From Appendix B, we see that we must require the following behaviours also on the 
Wigner hyperplane 

i) q — > oo, a > 0, 

\a(r,q)\^q- 3 *- a , \I(r,q)\ -> q' 3 ^, \f(r,q)\^q, 

ii) q — > 0, e > 0, r\ > — e, 

\a(r,q)\^q-l + % |/(r, q)\ -> <T 3+e , \<p(r, q)\ - q\ (4.1) 

in order to have the Poincare generators and the occupation number of Section III finite. 

Let us remark that the collective and relative canonical variables can be defined in 
closed form only in absence of self-interactions of the field, so that in this Section we shall 
put V{4>) =V[I,<p] =0. 

A. Definition of the collective variables. 

Let us define the four functionals of the phases 

X; = J dqcu(q)F T {q)cp{r,q), 
X^ = J dqq F (q) (p (r, q) , 

^{x;,x|} = o, {x;,x;} = o. (4.2) 

depending on two Lorentz scalar functions F T (q), F(q), whose form will be restricted by the 
following requirements implying that X^ and P^ are canonical variables: 

{p;, x;} = 1, {p;, x;} = -6™, {p;, x;} = 0, {p;, x;} = 0, (4.3) 

Since |P^,Xj| = / dqoo 2 (q) F T (q) and jP£, X^\ = J dqq r q s F (q), we must require the 
following normalizations for F T (q), F(q) 
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JdqLU 2 (q)F T (q) = l 



(4.4) 



J dqq r q s F{q) = -5 rs . (4.5) 

Moreover, {P£,X;} = Jdquj(q)q r F T (q) and {p;,X;} = J dquj(q) q'F (q) , imply the 
following conditions 

Jdqu(q)q r F T (q) = 0, (4.6) 

J dquj(q)q r F(q) = 0. (4.7) 

which are automatically satisfied because F T (q), F(q), q = \q\, are even under q r — > — q r . 
A solution of Eqs. ( gg ) and (fO|) is 



16tt 2 



^g 2 



FT ^) = 2 / 2 T 2 e m 

F( 9 ) = -^A/W^e"^ 9 . (4.8) 
mg 4V 

The singularity in q = requires <£>(r, q) ^ q ^o q 11 , r] > 0, [and not r/ > — e as in Eq. (|4.1| )1 
for the existence of XT, X^. 

The analogue of the function P(P0, k) of Ref. || is now 

P (P , g) = P r (g) w (?) P T - P (q) q- P+, 
j dqT{P (t> ,q)u{q)=Pl, 

J dqF(P^q)q r = P;. (4.9) 

Let us remark that for field configurations 0(r, a) such that the Fourier transform 
0(r, q) has compact support in a sphere centered at q = of volume V, we get XJ = 

-V S 5& ^ d 3 q 3 ^f(r, q)- 

B. Auxiliary relative variables. 

As in Ref. |J , let us define an auxiliary relative action variable and an auxiliary relative 
phase variable 

/ (r, q) = I (r, q) - F T (q) P^co (q) + F (q) q- P+, (4.10) 

<p (r, q) = <p (r, q) - u (q) X^ + q- Xf. (4.11) 
13 



The previous canonicity conditions on F T (q), F(q), imply 

J dqu{q)i{r,q) = 0, 

Jdqq i I(T,<?) = 0. (4.12) 



dqF T (q) u (q) <p (r, q)dq = 0, 

J dqF(q)q^(r,q} = 0. (4.13) 

These auxiliary variables have the following nonzero Poisson bracket 

{i(r,k),0(r,q)} = A(k,q), (4.14) 

with 

A (k, qj=n (k) 5 s (k-q)- F T (k) u (k) u (q) + F (k) k ■ q. (4.15) 
The distribution A (k, qj has the semigroup property 

J dqA (k, q) A (q, k') = A (jfc, k') , (4.16) 

and satisfies the constraints: 

fdqu(q)A(q,k)=0, j dq q r A (q,k) = 0, (4.17) 

JdqF r (q)u(q)A{k,q)=0, J dqq r F (q) A (k,q) = 0. (4.18) 

At this stage the canonical variables J(t, q), </?(t, q) for the Klein-Gordon field are replaced 
by the noncanonical set AJ , P^ , A^,, P^, I(r,q), <p(r,q) with the Poisson brackets 

{p;,x;} = 1, {p;,x;} = {p;,x;} = o, {p;, a;} = o, 
{x;,x;} = o, {a;, a;} = o, {p},Pf} = o, = (r,r), 

{P;,j(r,g)} = 0, {P;,j(r,g)} = 0, {/ (r, , Aj} = 0, {/ (r, g) , X;} = 0, (4.19) 
{XJ,£(T,g)} = 0, (r,g)} = 0, {P£, (r, g)} = 0, [P^ (r, q)} = 0, 

_ {/ (r, fc) , (r, q)} = SI (k) 5 3 (k-q)- F T (k) uj (k) u (q) + F (k) k ■ q. 

The generators of Lorentz group are already decomposed into two parts, the collective 

and the relative ones, each satisfying the Lorentz algebra and having vanishing mutual 
Poisson brackets 
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jrs T rs I Or 



t rs yr T3s vs TDr 



S; s = J dql(r, q) (tf£ -q s ^)v (t, q) 



(4.20) 



' JTT T TT I QTT 

[S^ = -Jdquj(q)i(r,q)^(T,q). 



(4.21) 



C. Canonical relative variables. 



We must now find the canonical relative variables hidden inside the auxiliary ones, which 
are not free but satisfy Eqs. ( |4.12|) and ( |4.13| ). 

As in Ref. 0, let us introduce the following differential operator [Alb is the Laplace- 
Beltrami operator of the mass shell submanifold if 3 (see Appendix B and Ref. 0,0)] 



Vff = 3 - m 2 A LB 



3 — m 



"fdV 2*0 1 / » t d N 



£1 W 



rrr 



^ <9g' m 2 <9g l 



(4.22) 



which is a scalar on the Wigner hyperplane since it is invariant under Wigner's rotations. 
Since uj (q) and q are null modes of this operator |J, we can put 

I(r,q) =D^H(r,g), 

H (r, g) = JdkQ (g, k) I (r, k) , (4.23) 
with Q (<f, kj being the Green function of [see Refs. |||7]] for its expression] 

V<jS (<f, fe) = « (A:) 5 3 (fc - <f) . (4.24) 



Like in Ref. ||, for each zero mode f (q) of [D^f (q) = 0] for which one has 
/ dq f (q)I(T, q)\ < 00, we have by integration by parts 



/ /o(9)/(r, g) = / dq f (q)V^H(r, q) 

1 r 3 <9 /m 2 5 rs + q r q s 
= "2(27)3 7 ^) 

The boundary conditions (ensuring finite Poincare generators) 



(4.25) 
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H(r,g) ^ f 1+£ , e>0, 

H^g^^g" 3 ^, a>0, (4.26) 
imply Jdqf (q)I(T, q) = 0, or 

J dqf (q)I(r,q) = P; J dq cu (q) f (q) F T (q) ~ 

Jdqqf (q)F(q). (4.27) 

We shall restrict ourselves to field configurations for which J(r, q) ^ q ^,oq~ 3+TI with r) G 
(0, 1] to avoid the extra condition connected with the zero modes f (q) = v 2-3im(o) [ see the 
Qi m of Appendix B]. 

Instead, for the zero modes f a (q) = v^_ 3M (q) = q l 2 F 1 { t £, ffii ! + §; ~q 2 ) Y lm (a, (3), 
[q = q(cos acos j3,cos asin j3, sina)] of Ref. || we get from Eq. ([4.27|) : i) for 1=0,1, the 
identities P£ = F%, = P^ [v[% fi0 and v^ ] _ 3Am give f (q) = u(q),q\; ii) for / > 2 the 
conditions 

= y dqv[°l 3 lm (q) I(t, q) = 

= const. J dqq 1 2 F 1 ( 1 —^, I + ^; -g 2 ) lj m (0, <p) 

d 3 a f d 3 a'e mff - g ' ) [u(q)(l)(T, a) - ?tt(t, a)] Hg)0(r, a) + ivr(r, a')] = 0. (4.28) 



Since g- (a— a) = qcos 9\a—a'\, one can check that P; m ^o is automatically zero. Moreover, in 
Pio the term u(q)[<p(r, <?)7t(t, a ) —<p(r, a )it(t, a)] does not contribute for symmetry reasons. 
Therefore, the final restriction is 

Pio = const. J dqq 1 2 F 1 (^^,^-;l + ^;-q 2 )Yi (9, V ) 

J d 3 a J d 3 aV«' ( ^ gJ) [(m 2 + g 2 )0(r, ff)<f>(r, a) + vr(r, £)tt(t, a')] = 0. (4.29) 

These conditions on <f>(r, a) and tt(t, a) = <9 T 0(r, <r) identify the class of configurations of 
the Klein-Gordon field for which one can define the previous canonical transformation and 
for which there is no ambiguity in defining a unique realization of the Poincare group (the 
BMS algebra degenerates in the Poincare algebra in this case). 

We can satisfy the constraints on 0(t, q) with the definition [D^u(q) = V^q = 0] 

<p(r,q) = J dk J d~k'K{r, k)g(k,k')A(k',q), 
K(t, q) = T>3<p(T, q) = Vtfp(r, q), 

^oog 1 " 6 , e>0, ^og 77 " 2 , V>0, (4.30) 

which also implies 
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(r, 




V T 

A 1 




H(r, 


?) 


TDT 

<t '. 


>=o, 




(r, 


q) 




> = 0, < 


[H(r, 


9) 


pr 
*J 


. = 0, 




(r, 


q) 




f = °J 


K(r, 


9) 


TDT 


f = o, 




(r, 


q) 


V r 

' A 0J 


> = o, < 


[K(r, 


9) 


pr 
4 J 


• =0, 



{ {H (r, g) , K (r, q')> = fl (q) 6 3 (q- f) . 
The final decomposition of Lorentz generators is 

( jrs r rs i crs \ 

T rs vr ps vs pr 

< L <f> — A 0-W> ~ A </»-W" 

t S;° = / d*H (r, fc) - fc-^=) K (r, fc) , J 

f 7rr rrr i err \ 

J <f> — L <t> + a 4> ' 
>S? = -J dqu (q) H (r, g) (r, g) . J 



D. Field variables in terms of collective-relative variables. 



We have found the canonical transformation 



I (r, q) = F T (q)uj(q)P; - F{q)q- P + D f H(r, q), 

<p(r, q)= JdkJ dk'K(r, k)Q (k, k') A (P, q)+u (q) X; - q- X 4 

PI J dqu(q)F T (q) - P^- J dqqF(q) + J dqV^U(r, q) 

cH+ [ dqV € U(r,q), 
m J 

c = ml dquj{q)F T {q) = 2 



dq 



4vr 9 
2 1 



o y / m 2 + q' 2 



2e 



dx 



m \fx 2 



with the two functions F T (q), F(q) given in Eqs.( |4.8|) . Its inverse is 



dqu(q)I(r,q) = ^ / r/V 



7r 2 + (a</)) 2 + mV (r,a), 



P<S> = / dqq I(t, q) = d 3 a %d(j) (r, a) 
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XI = J dqu;(q)FT(q)tp(T,<f) 



T + 



Att 2 



+ 



d 3 q- 



? q r cu(q)Jd 3 ae i ^(f)(T,a)+iJd 3 ae i ^n(T,a) 



-In 



2mm J q 2 uu(q) *-uj(q) J d 3 ae l ^' s (f)(r, a) — i J d 3 ae l ^ ff 7r(r,a) 



def 



Xcf, = J dqqF(q)if(r,q) = 

2% f ,3 q % _4x 2 
= d 6 q- L I e ^ q In 



nm 



v'm 2 + q 2 J d 3 ae^(f){T, a) + i J d 3 ae^ ff 7r(r, a) 



H 



v'm 2 + q 2 J d 3 ae~ i ^(f)(T, a) - i J d^ae'^-nij, a) 
(r,q)= J d~kg(q,k)[I(r,k)-F T (k)uj(k) J dg lW (gi)/(r, gl) + 



= /" cPatcPaz [tt(t, ^(t, <r 2 ) / dkQ(q,k) J dk^kMY^ 
+ 0(r, <?i)0(r,<7 2 ) / d^(g, fc) / dk 1 u 2 (k 1 )A(k, fc 1 )e i ^ 1 '^ 1_ff2 ^ 
- i(7r(r, CTi)0(r, <r 2 ) + tt(t, ? 2 )0(t, #i)) 
y dkG(q,k) J dhuik^Aik.h) 

K(r,q) = Vg<p(T, q) = V^(t, q) = 



+ 



= 2?^ 



JjV [a; (g) (r, a) + itt (t, ff)] 

/ dV [w (g) (r, a') - m (r, a')] e***' 



(4.35) 



We get the following expression of the other canonical variables a(r,q), <f>(r, a), n(r,a), in 
terms of the final ones 



a(r, q) = yj F-(q)u;(q)P; - F(q)q- P^ + P ? H(r, q) 

e i[w{q)Xl-q-X^]+i fdkf dk'K(T,k)g(k,k')A(k',q) 



N * = m~ + I dkV k U ^ k ^ 



(4.36) 



0(r, a)=J dqyjFT(q)u(q)P} - F(g)g • P<p + P*H(r, g) 

g -j[a;( ? )(r-Xj)-q-(5 ! -X )]+i / dfc / dfc' K(r,fc)g(fe,fc') A(fc',<f) + 
+ e i[«( g )(T-Jfj)-?.(?-^)]-i Jdfc/ dfe'K(r,fc)6(fc,fe')A(fe',g) 



= 2 J dqA q ir;P^H} 



cos 



q-a + BJr-XlK] 
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7t(t, $) = -ij dqu{q)^F-{q)u{q)P; - F{q)q- P+ + V^t, ft 

e -i[ £ j( 9 )(r-Xj)-g*-(o ! -X^)]+i / dfe Jdfc'K(r,fe)g(fc,fe')A(fc',g) _ 
_ e +i[uj{q)(T~X^)~q-(o~X 4 ,)}-i J dk J dk' ¥L(r,k)g(k,k') A(fc',<?) 



:| dgw(g)A^(r;i^,H] sm 



q-a + BJr;X£,K 



A^P^H] 
B,-(r; K] 



FT(q)u(q)PZ - F(q)q- P + P f H(r, g) = ^/(r, g), 

g • X - w(g)(r - XJ) + / dkdk'K(r, k)Q{k, k')A(k', q) = 
= ip(T,$)-u(q)T. (4.37) 

The Klein-Gordon field configuration is described by: 

i) its energy P^ and the conjugate field time- variable which is equal to r plus some kind 
of internal time XT; 

ii) the conjugate reduced canonical variables of a free point X^, P^; 

iii) an infinite set of canonically conjugate relative variables H(r, q), K(r, q). 

While the sets i) and ii) describe a "monopole" field configuration see Section V), which 
depends only on 8 degrees of freedom like a scalar particle at rest [P^ ~ 0] and with mass 



e s ~ y(-P^) 2 — P$ ~ PJ, corresponding to the decoupled collective variables of the field 
configuration, the set iii) describes an infinite set of "canonical relative variables" with 
respect to the relativistic collective variables of the sets i) and ii). 

The conditions H(t, q) = K(r, q) =0 select the class of field configurations, solutions of 
the Klein-Gordon equation, which are of the "monopole" type on the Wigner hyperplanes 

mO n(r, o) = 2 J dq^F-{q)u{q)Pl - F{q)q- P^cos [q- (a - X ) - Lu(q)(r - X$ 



2 JPl / dqJF-{q)u{q)cos q- {a - X+) - u(q)(r - XJ) 



vr mo „(r, a) = -2 / dqJF-{q)u{q)P} - F{q)q- P^sin [q- (a - X+) - uj{q){r - XJ) 



2 JPJ / dq^F-(q)cu(q)stn q- (a - X+) - o;(g)(r - XJ) 



(4.38) 



If we add the gauge-fixings X^ « to P^ ~ [this implies A(r) = in Eq. (|2.10|) 1 and 
go to Dirac brackets, the rest-frame instant-form Klein-Gordon canonical variables in the 
gauge t = T s = p s ■ x s /e s (see the end of Section II) are [in the following formulas one has 
T 8 -XI = -Xt\ 



a(T s , q) = yjFT(q)u(q)Pi + P 9 -H(T„ q) 

e i[w(q)X^+q-a]+i J dk J dk' K(T s ,£)£/(fc,fc') A(jfc',<f) 



N^ = c^+ ( dqT> ? H{T a ,fi, 
m J 
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<f>{T s ,v) 



A f (T s ;PT,H] 
B^(T S ;X;,K] 

dcj>{T s ,B) 



op; 

d<j)(T s ,a) 

W(T 8 ,B) 
5K(T s ,q) 

5(p(T s ,a) 
5U(T s ,q) 



J dq^jFr(q)uj(q)P^ + D g -H(T S , q) 

e i[uj(q)X^+q-a]+i J dk J *'K(T s ,fc)e(fe,fc')A(fe',q*) _|_ 
_|_ e -i[Lo(q)X^+q-a]~i J dk J dk' K(T S ,k^G (k,k') &(k' 4 

2 f dqA q iT s ; PI, H] cos \q- a + B g -(T S ; XI, K 



vr(T s ,a) = -i| dqu(q)y/FT(q)u(q)P; + D 3 ~H(T S , g) 

/ dfc J dfc'K(T 3 ,fc)g(fc,fe')A(fc',,j) _ 
-i[w(g).XJ+#o ! ]-i J* dk J dk' K(T s ,k)g(k,k')A(k' ,q) 



-2 / dquj(q)Atf(T s ; PL H] sm <f ■ a + B 9 -(T S ; XT, K 



F-{q)u{q)Pl + VfH(T a , q) = ^I{T S , q), 

dkdk' K(T S , k)Q(k, k')A(k', q) + u(q)Jq, 
¥(T s ,q) - uj(q)T s , 



dqF T (q)u(q)- 



cos 



q-a + BJT s ;XLK) 



A 9 -(T S ;P;,K] 
2 / dqu(q)A$(T s ; PL H]sin \q ■ B + B 3 -{T S ; XI, K] 



2 I dkA % {T s ;P;,n\ 

k-B + B^T s ;X;,K}] J dk'G(q,k')A(k' ,k), 
k.B + B- k (T s ;XZ,K] 



sin 



„ / COS 



A S (T,;^,H] 
g-a + B g -(T s ;XI,K] 



MT s ;Pi,n] >■ (439) 

From Eq. (|2.10| ), the Hamiltonian is now = PL. it generates the following evolution 



in T, 



_d_ 

dT s 
_d_ 
dT s 
_d_ 



x;±{x;,pi} = -i, 

p; = o, 

H(T s ,q) = 0, 



=S> XI = —T, 
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d K(T s ,q) = 0, 



dT s 

=► A A^(T S ; P;, H] = ^rB 9 -.(T s ; X;, K] = 0, 

— 0(T g) (?) = - 0(T a , a) = tt(T s , a), 

d d 

— 7r(T„ a) = - n(T s , a) = -[A + m 2 ]0(T s , a) 

, d 2 d 2 



'dT 2 da 2 



+ m 2 )0(T s ,a)=O. (4.40) 



Therefore, in the free case H(T S , g), K(T S , q) are constants of the motion [complete inte- 
grability and Liouville theorem for the Klein-Gordon field] . Since the canonical variable P^ 
is the Hamiltonian for the evolution in T s = r, we need the "internal" variable = t + X^ 
[i.e. the "internal time variable" X^] to write Hamilton's equations -^rF = {F, P£} = 
— -j^r = ~~§% 7 'i m ^ ne f ree case we have gfr = — -^r on <f>(T s , a)[X^, P£, H, K] and 

7i(T s , a)[X^, PI, H, K], so that the evolution in the time X^ = T s + X^ [which takes place 
inside the Wigner hyperplane and which can be interpreted as an evolution in the internal 
time X£\ is equal and opposite to the evolution in the rest-frame time T s from a Wigner 
hyperplane to the next one in the free case. 

By adding the two second class constraints X^ — T s = XI 0, P£ — const, « 0, and by 
going to Dirac brackets, we get the rest-frame Hamilton- Jacobi formulation corresponding to 
the given constant value of the total energy [the field 4>(T S , a), which is T s -independent since 
it depends only on the internal time XI, now becomes also XI- independent]. In this way 
we find a symplectic subspace (spanned by the canonical variables H, K) of each constant 
energy [PT = const.} surface of the Klein-Gordon field. Each constant energy surface is not 
a symplectic manifold, but in this way it turns out to be the disjoint union (over XI) of the 
symplectic manifolds determined by X^ = const., P^ = const. 

E. A family of canonical multipoles. 

From Eqs. fl4.39D we get [assuming that we can interchange the sums with the integrals] 



4>{T S , a) = 2 J dqA^Ts; P;, H] (cos q- a cos B^T,; X\, K 
— sinq ■ a sin~B^(T s ; X^, K 

oo 

= £(-) 



fc=0 



u ••• u g-ri...r 2 k+i _ u ■■• u rrrx..r 2 k 

/q;„m <t>,E 



(2k + l)\ ^ (2k)\ 

tt(T s , a) = -2 J dqu(q)A q iT s ; P;, H] (sinq- a cos B q -(T S ; X$, K] + 
+ cos q- a sin Bg-(T S ; XI, K] 
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-EH 

fc=0 



u ■■■o r T -r 1 ...r 2 k+\ _ u ••• u rrri..r 2 k 

J :.(> / n ni 1 -.E 



(2k + l)\ ^ u (2k)\ 

r;; - r2fc+l = 2 J dq q r K.. q r ^ a^t s; p;,h] cos b^t s ;^,k], 

Xy 2k+1 = 2 J dquj(q)q r \..q r ^ AJT.; P}, H]sin B,-<T S ; X*, K], 

= 2 / dgwfa) g ri ...g r2fc A^(T S ; P;, H]co S B^(T S ; X;, K]. (4.41) 

In this way we have defined a set of canonical multipoles of the fields 4>(T S) a), tc(T s , a), 
with respect to a — , i.e. with respect to the origin x%(t) of the Wigner hyperplanes (a 
noncanonical covariant centroid) and they are expressed in terms of the final canonical basis 
for the Klein-Gordon field. 

When the fields have a compact support W in momentum space, it can be shown that 
the only nonvanishing Poisson brackets of these multipoles are 

l 2 7r,0 i 1 <f>,0 J — X 5 

(q-r 1 ...r 2k rr-si...s 2h \ _ q-r 1 ...r 2k ,s 1 ...s 2h 

\ 2 7T,E 1 I <f>,E J — X J 

I r 1 ...r m ,s 1 ...s n = 2 f dquj 2 (q)q ri ■ ■ ■ q Tm q Sl ■■■q Sn . (4.42) 
Jw 

That is they form a closed algebra with a generalized Kronecker symbol, which could be 
quantized instead of the Fourier coefficients. 

F. Effects of self interactions V ((/)). 

When there is an interaction term V(4>), the Hamiltonian becomes = P£ = P^ + 
/ d 3 aV((p)(T s , c?) and one has [see the difference between the rest-frame time evolution and 
the internal time one in presence of interactions] 



9T, X * = - l -8PiJ d3 ° V ^ T " 9 » = 
lT F T (k)uj(k) 



8 ~ 



= -2 J dku(k)A^T s ;P;,U] J tfaV^T^sin [k ■ a + B(T S ; XJ, K] ], 



d 
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2 / d 3 aV'((f>(T s ,3)) / dk A,(T S ; PT,H 



_d_ 



K(T s ,q) = 



stn [k-3 + B n (T s ; XJ, K] ] / dk G(q, k )A(k , k), 
5 



d d aV((/>(T 8 ,a)) 



8K(T s ,q) 

d 3 aV\<f>{T s ,3))V^ 



cos 



q-3 + B^T s ;XLK] 



A q iT s ; PL H] 



(4.43) 



with V' ((f)) = dV(4>) / d<fi. In particular we get 



_d_ 



AdT s ;PLn] 



1 



2A^(T S ;P;,H] 
1 



d 3 o-V'(0(T s ,a)) / dk F T (q)u{q)u{k) + A(q, k) 



A^(T S ;P;,H 
K % {T S - PL U]sin \k-3 + B % (T S ; XJ, K 



AfCT.;Pr,H] 



dkAAT s ] PL H] d 3 aV' (<P(T S ,3)) 



sin 



k-3 + Br(T s ; XT, K] fi(A;)5 3 (g - fc) + F(g)g ■ fc 



dP 



B ? -{T s ;XI,K] = -u;(g) 1 



<9T, 



-2uo{q)- d 3 oV\<P{T s ,3)) 



dk 



u{q)F T {k)u{k) + A{k,q) 



cos 



Q{k, k')A(k',q) 



k ■ a + B^(T S ; XI, K] 



A^PLH] 



_ ^(H>F(t)fg 
' A(T S ;PT,U] 



d 3 aV'(<j ) (T s ,3))cos k ■ 3 + B?{T s] XI, K] 



(4.44) 



For 1/(0) = ^£</> n+1 we have: 



V'(0(T fl ,oO) = £<W,<?) = 2^/dg 1 ..dg n A ft (r a ;i^,H]....A^(r s ;i^,H]cos(gl • + 
B 9l (T s ; XL K])...coa (g n • 3 + B ?n (T s ; XL K]). 



4 /T / 

For the sine-Gordon case we have V{<p) = \[cos (— — 1] and V [4>[T a , 3)) 

J^ sin (f<f>(T s , 3)) = ^sin (2f J dqA q iT s ; PL B]cos [q-3 + B^T a] X;, K] 

With a completely integrable interaction, it should exist a new canonical basis X^, PL 

H(T S , q), K(T S , g) with X , the real "internal" time like in the free case. 

For instance, in the new canonical basis of Eqs. (|4.35| ) one can define a family 
of completely integrable interactions associated with the Hamiltonian Ms — PI + 
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/ dq[terms quadratic in H(T s ,q) and K.(T s ,q)]. However, their associated Lagrangian den- 
sity as functionals of 0(r, a) would be completely non local first because the canonical 
transformation 0, 7r i— > X£, P£, H, K is non local, and second because one would have to 

solve an integral equation to get the momenta 7r(r, a) in terms of the velocities 0(r, a) 
[^0(T s ,a)^{0(T s ,a),M }]. 



24 



V. THE ENERGY-MOMENTUM TENSOR ON WIGNER HYPERPLANES, 
DIXON'S MULTIPOLES AND THE CENTER OF MASS OF A FIELD 

CONFIGURATION. 



Let us now look at other properties of the Klein-Gordon field on the Wigner hyperplanes. 
In particular we are interested in identifying which kind of collective variables describe the 
center of mass of a field configuration and which is their relation, if any, with the previous 
collective variables. In so doing, we shall consider a field configuration as a relativistic 
extended body and we shall study its Dixon multipoles |§. 

The Euler-Lagrange equations from the action ( |2.1[ ) are 







dC 

^dd> A ddA<l 



AB\ 



]4](r,a)=0, 



(5.1) 



where we introduced the energy-momentum tensor 

2 5S 



T ab (t, a)[<f>) 



[d- 



W) 2 -mV)](r,a). 



(5.2) 



When <9a[a/<?<2b] = 0, as it happens on the Wigner hyperplanes in the gauge T s — r « 0, 
A(r) = 0, we get the conservation of the energy-momentum tensor T AB , i.e. 8aT ab = 0. 
Otherwise, there is compensation coming from the dynamics of the surface. 

The conserved, manifestly Lorentz covariant, energy- momentum tensor of the Klein- 
Gordon field (x)[<j)] = —^i] fiu [d a <j)(x)d a <j)(x) — m 2 <j) 2 {x)] + d^<j)(x)d v ^){x) becomes 



VLB/ 



where 



in coordinates adapted to the hypersurface S T [a J 



T AB (r,a)[ ( j ) ]=z A (r,a)z B (r,a)T^(z( 



r, o 



z A (r,a)z B (T,a)T^(r,a)[4 > = 4>oz] 



2 9 



(r, a) 7T 2 - (d<py - m 2 (f) 2 (r, a) + <9 A 0(r, a)d 



J-B 



(5.3) 



By using the results in Ref. [TJ, we have the following expression for the energy- 
momentum tensor 

1) On arbitrary spacelike hypersurfaces we get 



--77 
2 ' 



fJbV 



d A <P{r,a)d A (t>{T,a)-m 2 <p 2 {T,a) 



+ 



+ ^(t, a)zUr, c?)«9 A 0(r, a)d B ^(r, a 



- ^ U 9 TT + (^9 TT + z»g UT )(Zr9 TT + <9 % 

- V ^9 Tr + (z?g TT + z^9 UT )«9 rr + <9 W ) 
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+ (^9 Tr + <9 ur ) «9 TT + <9 VT )\ (r, o) [tt <9 r 0] (r, a) + 
1 



+ 



-rTg ra + (z^9 Tr + <<T)«<T + z v S s ) (r, a)[d r <R0](r, a) + 



+ -^m 2 2 (r,a). 

2) On arbitrary spacelike hyperplanes, where 
*"(r, a) = <(r) + 6£(tK, 

<(t, a) = 6{f(T), z?(r, a) = #(r) + ^(r)/ = J"/^ - ^ 

£f rr = X s • fc r O" r ] 2 , 9rr = + &£(7 S ] , 

g rs = -5 rs , 7 rs = -<T S , 7 = 1, 

5 = 9tt + J29tv, 



(5.4) 



<T = V[^(^ + &^")] 2 , 9 Tr = 9 TT 9rr = KM + K° U )/Mf% + K° U )\\ 

g rs = _ 5 rs + = _ 6 rs + + ^)M^ + b^) /[l,(x» + ^)] 2 , (5.5) 



there is no relevant simplification for T^rcf (r) + 6f (r)cr u )[0]. 
3) On Wigner hyperplanes, where 

z"(t, a) = <(r) + e2(4))^, 

5 = M r ) ' M (Ps)]> fi'rr=a: 2 , fi-rr = i SM e^(M(p s )), 0™ = 

<T = l/\x s ^{p s )}\ g Tr = x s ^ r {u{ps))/[xsX(Ps)}\ 
9 rs = S rs + x s ^{u{p s ))x su e v s {u{p s ))/[x s ^{p s )} 2 , 



(5.6) 



we get 



i 



i 



+ 



x s (r) ■ u(p s )} 2 

-77^([x s (t) • M(p s )] 2 5 rs - x sa (r)e^(u(p s ))x s/3 (r)e^(u(p s ))) 



+ [a£(r) +i v (r)e£(«( P- ))cS(«(p.))]K(r) +i« r (r)<(«(p.))<(«( P- ))] vr 2 (r,a) + 



1 

[i s (r)- M (p s )] 2 ^2 

+ [i.(r) • «fe)] 2 (<(«fe)) " ± -^y^§ \.^) + *sa(TK(u( Ps )y u (u(Ps))}) 



+ 



[dr^Mr, a) + -rTm 2 <f> 2 (T, a) + 



+ 



1 



[x s (r) -u(p s )Y 
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(<HPs)) - ^j^)]2 WW + x sa (T)e«(u(p s )y v (u(p s ))}) 

K(r)+i; s/ ,(r)ee( W (p s ))e:( W (p s ))][7r9 r 0](T,a). 
Since we have 



(5.7) 



x^r) = -A"(r) = [ii"(p.K(p.) - e?(«(p.))<(«(p.))]i w (T) 

= -«"(p i )A(r) + e|f( U (p i ))A r (r), 
^(r) = A 2 (r)-A(r)>0, 



-A(r)^ (p fl ) + A r (r)e{f(n(p s )) 
A 2 (r) - A 2 (r) 



(5.8) 



the timelike worldline described by the origin of the Wigner hyperplane is arbitrary (i.e. 
gauge dependent): x%(t) may be any covariant noncanonical centroid [the real "external" 



center of mass is the canonical noncovariant x%(T s ) = x^(T s ) 



i 



PsuS7 + £s(S°/ + 



s 



OV PsvPs 
S e 2 



) : it describes a decoupled point particle observer ; see Section VI]. 



In the gauge T s - r ss 0, X^ w 0, implying A(r) = -1, A(r) = [g TT = 1, # rr = 0], we 

get x^(T s ) = u^ips). Therefore, in this gauge, we have the centroid x%(T s ) = x s X4, ^(T s ) = 
x^(0) +T s u tJ- (p s ), which carries the Klein-Gordon "internal" collective variable = X<j, pa 
(see Section VI). 

In this gauge we get the following form of the energy-momentum tensor \rf v = 
u»(p s )u»(p s ) - J2 3 r= i e?(u(p s )K(u(Ps))} 



T^[<(T S ) +et{u{p s ))a u \[<t>\ = T" u [x^(T s ) + €%(u(p s ))cr u ][X£, H, K] = 

= l -u»{p s )u»(p s )y + (<90) 2 + m 2 2 ](T s , a) + 

+ e» r {u(p s M{u(pM-\Sr S [x 2 ~ m 2 - m 2 2 ] + 
+ d r (t)d s (t)}{T s ,a) - 

- [u»( Ps y r (u(Ps)) +U»(p s )6?(u(p s ))}[Kdr(f>}(Ts,t) = 

Au»{p s )u v {p s ) +V[<f>M[vT -u»{p s )u"{p s )\ + 
+ ^(p s )^[0,7r]+^(p s )^[0,7r] + 
+ T r 



TS 

an stress 



[<t>,TtyMPs)K{u(p s )) (T s ,a), 



p[0,7r] = -[7r 2 + (90) 2 + m 2 2 ], 



vim 



<f[<M 



-7rd r (/)e^{u(p s )), 
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KLtr^M = -[arm- ^ rs 0<f>) 2 }, 

$uvT an stress vPi ^1 = 0; 



TZ ess (Ts,m] = t r Mp s )K(u(p s ))T^(T s ) + e^u(p s ))a u 

= [d r <j>d s <j>](T s , 8) - l -5 rs [ir 2 - (d<P) 2 - m 2 2 ](T s , a), 

T%[<(T S ) + <£(u(p.)K]M = 2[vr 2 - 0<pf - m 2 2 ](T„ a), 

T^[x»{T s ) + e^u(p s ))a u M u v {p s ) = i[vr 2 + («90) 2 + m 2 2 ](T s , ff)«"(p.) + 

+ [7rd r <P](T s ,a)e^u( Ps )), 



P£[4>] = J d 3 aT^(T s ) + e^u(p s ))a u Mu u (p s ) = 
M = P#[0]«> s ) = PI. 



(5.9) 



While the stress tensor of the Klein-Gordon field on the Wigner hyperplanes is 
T^ ress (T s ,a)[4>\, from the last line of the expression of the energy-momentum tensor we 
see that it acquires a form reminiscent of the energy-momentum tensor of an ideal relativis- 
tic fluid as seen from a local observer at rest (Eckart decomposition; see Ref. |14[] ): i) the 
constant normal u^{p s ) to the Wigner hyperplanes replaces the hydrodynamic velocity field 
of the fluid; ii) p[<j), tt](T s , a) is the energy density; iii) V[<f>, tt](T s , a) is the analogue of the 
pressure (sum of the thermodynamical pressure and of the non-equilibrium bulk stress or 
viscous pressure); iv) g M [0, tt](T s , a) is the analogue of the heat flow; v) T^ stress [(p,7i}(T s ,a) 
is the shear (or anisotropic) stress tensor. 

We can now study the manifestly Lorentz covariant Dixon multipoles || for the free 
real Klein-Gordon field on the Wigner hyperplanes in the gauge A(r) = —1, A(r) = 
[so that x^(T s ) = u^(p s ), x^(T s ) = 0, x»(T s ) = u^(p s )T s + a£(0)] with respect to the 
origin x^(T s ) [6x%(<r) = e^(u(p s ))a u ; (/ii../i n ) means symmetrization, while [pi..p n ] means 
antisymmetrization] 

'd 3 a5x^(a)...5x^(a)T^(T s ) + e£(u(p s ))a u ] 



e£(u(p a ))...e£(u(p.)) 

u»{p s )u"(p s )^ J d 3 aa r K..a r -[n 2 + (defy 2 + m 2 2 ](T s , a) + 

+ e?(«(p,)K(«(p a )) J d 3 aa r K..a r "[-±8 rs [-K 2 - (d^) 2 - m 2 2 ] + 
+ d r <J)d s <j)}(T s ,a) + 

+ K(p s y r (u(Ps))+u u (p s )e^u(p s ))} [ d z aa r \..a r -[Kd r <P\(T s ,a) 
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= < 1 1 («(p s ))-C(«(p s ))6l(«(p s ))e^( W (p s ))^— AB (T s ) 
= e^(«(p s ))...e^(«(p s ))[^(p s )^(p s )/^-— (T s ) + 
+ e?(<Ps)K(u( Ps ))r T ^ rs (T s ) + 
+ [u»{p s y r {u{Ps)) +u"(p s y r (u(p s ))]I^ rT (T s ) , 



« w (p.) ^- W (T,) = 0, 



For n = (monopole) I^ T (T 3 ) = PI, I^(T a ) = PI 



^-^(T s ) = J d 3 a5x^(a)...5x^(a)T%[x^T s ) + e^u(p s ))cr u 
= ^(«(P.))-C(«(P.)) 



d 3 (J(T ri ...(T rn 



2[7r 2 -(90)1-mV (T s ,a) 



<fe/ cMl 



Ciu{p.))..<(u{p.))J?"^A(T.) 



/r ir2A A(T s ) = I r T ir * A A (T s ) - ^ ir2 <V,P/ A A (T s ) = ^C^) - ^ rir ^ w ir(T s ) 



frir 2 A 



^TlT2X juvA 



1 



/t 1 ' 2 a(T s ) = ^ 2 (T S ) - -<T ir2 «TO, 8 U vIt a(T s ) = 0, 
z^ 2 (T s ) = I r T ^ A A (T s ) - 6 nr *6 uv I™ A A (T s ) = 

' d 3 a(a ri cr r2 - S nT2 a 2 ) \2{n 2 - 0<J)) 2 } - m 2 <J) 2 } (T„ a), 



t£-^(T s ) = t£-^ ' {T s ) Ull (p s )u v (p s ) = 

= ^(u(p s ))..4:(u(Ps))r T i -- rnTT (T s ), 

t£(T s ) ^ e^(u(p s ))y d 3 aa r ^[7r 2 + (dcf,) 2 + m 2 cl ) 2 }(T s ,a) 
= ^MPsWr T {T s ) = -P^(u(p s ))r;\ 



t^{T s ) = e^(u(p s ))e^u(PsWT r2TT (T s ) 



1 T 



1 

— ( 

3 



i r ^{T s ) = V T ^ TT (T S ) - 5 r ^5 uv I™ TT (T s ). 



(5.10) 



The Wigner covariant multipoles l£" rnTT (T a ), I^- r " rs {T s ), I^" rnrT (T s ) are the mass, 
stress and momentum multipoles respectively. 

The quantities I^ r2 a(T s ) and i^ T2 (T s ) are the traceless quadrupole moment and the 
inertia tensor defined by Thorne in Ref. ||15|| . 

The quantities Pp r2TT (T s ) and i^ r2 (T s ) are Dixon's definitions of quadrupole moment 
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and of tensor of inertia respectively. 

Moreover, Dixon's definition of "center of mass" of an extended object is t^(T s ) = 
or IjF T (T s ) = —P^r 1 ^ = 0: therefore the quantity defined in the previous equation is 
a noncanonical [{r£, r^} = S™] candidate for the "internal" center of mass of the field 

configuration: its vanishing is a gauge fixing for P^ ps and implies x^{T s ) = x£ (T s ) = 
x s(0) + u tJ, (p s )T s (see next Section). 



When F T TT (T S ) = 0, the equations 



dI^ TT (T s ) 



. dr 



P IA = m J d 3 aa r [n 2 + m 2 + 



P<b o dr A 



dT a 



0; 



m 2 (j) 2 ](T s , a) = — P r , implies the correct momentum- velocity relation 

These multipoles, whose Poisson brackets are non-trivial, are related to the previous ones 
of Eqs. (|4.41| ), with the Poisson brackets given in Eqs. (|4.42|) ,in the following way (remember 
that these other multipoles exist only if the Klein-Gordon fields have compact support V in 
momentum space) 



TT\...r n TT 

1 T 



(T s ) = - I d s aa r \..a r -[7r 2 + («90) 2 + m 2 2 ](T s , B) 



= 2 J dq.dq.A^P^^A^P^U] J d 3 aa r \..a r " 

(MgiMftj) + 9i ' &\ sin + B qi( T s] X%, K])sin (q 2 -a + B ?2 (T S ; X%, K]) + 

+ m 2 cos + B ft (T s ; XI, K])cos (q 2 ■ a + B ?2 (T S ; % K]) N 



-| oo 

E( 

* h,k=0 



\h+k 



r l ...r n ui...u 2h+1 vi...v 2k+1 

(2/i + l)!(2Jfe + l)!" 

Ul...U2h+lrrVl— V2k+1 _j_ _2/x-Wl— U2ft+1/T-«1— V2k+X\ _j_ 



T/ ri...r n «l— U2ft+l«l— V2k+ln-^l— Uzh+lrr-Vl— «2k+l 



A.O 



(2/i + l)!(2fc)! 

4 



L 7 7T,0 



j_ »„2/t-«i— ■"2h+i/r-«i...'ua*l 



Trri...r n ui...u 2h+1 vi...v 2 k^-u 1 ...u 2 h+i^-vi...V2k 

r 5 0,O 7 o./: 



(2/i)!(2ib+l) 



T/ ri...r n «l— «2M>1 — V2fc+1 \rr'U\...U2h,T V t— V2fc+1 , ...«2ft «T-t)l ■ ■ -f2fe+l 1 

v l [ 2 iT,E 2 n,0 ~l~ m 1 A,E 1 ^ 



■rrr 1 ...r rL u 1 ...u 2h v 1 ...v 2k+1 n-ui...u 2h n-v 1 ...v 2k+1 
~r Vo J- A TP J- A 



+ 



1 



(2/i)!(2A;)! 



ri...r n iii— «2h"l— '"a* \T u l— u 2h'J* v l—' v 2k 



TT,E 



2 n -U 1 ...U 2h q-V 1 ...V 2k 



■ E 



.E 



-<t>,o 



+ 



+ 



+ 



i ^rr\...r n u\...u 2h v\...v 2k r 1 -u\...u 2h r 1 -v\...V2h 
"T v 2 1 <h,E d>.E 



fri...r n rsi 



,,■ ! (T S ) = y dW 1 ...^--^ - (^) - ™ V 1 + <9 r <R0](T s , 5) 

- ^5 rs [[u(q 1 )u(q 2 ) - gi ■ q 2 ] 
sin (q 1 -a + B fl (T s ; XL K])sm (g 2 • a + B 9 - 2 (T S ; XT, K]) - 
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- m 2 cos (q, ■ a + B fl (T a ; X;, K])cos (q 2 ■ a + B,- 2 (T S ; X', K]) 
+ <ll<&sin (qi-a + B fl (T a ; XJ, K])sm (g 2 • <? + B ? - 2 (T S ; XJ, K 

oo 

= E R A+fc 

h,fc=0 

1 r 1 



+ 



>(2h + l)!(2fc + l)! 



~-5 rs v; 



r n -u 1 ...u 2 h+i n -v 1 ...v 2 k+i U2h+lrrVl— "2fc+l 



] + 



1 



/ - rrs-r rri...r n ui...U2h+ivi...V2k+i , T ^ri...r ? iUi---'U2? t +i'yi---f2fc+iT's\/ 7 -wi...U2h+i/ 7 -'yi...i'2fc+i 



(2h + l)\(2k)\ 



— _firsy-ri...r„ui...U2h+iVi~-v 2 k 



\rrU\...U2h+\rj-V\...V2k ™ 2/T-"l — «2/i+l -T-Ul ...t)2fc 1 
L 7 7T,0 n,E " L I ^^> 1 ^ » 



',0 



+ 



I / £ rs T/ ri -" I " nttl "- U2 ' , + ll ' 1 "-' U2fe 1 T/-»"l—''ntl"-'"2/i+l«l— f2fcrS\/ 7 -Ul...tt2h+l/ 7 -Ui...t)2fc 



(2h)\(2k+ 1)! 



2 1 



Ul...U 2 h'J~ v l~- v 2k+ 



7T,0 



1 rT1 2/ 7 -wi...u 2 / l /7-fi 



■f2fc+ll 



+ 



1 I s;rsT/-ri---rnUi...U2hVi~.V2k+i , t rri...7vui...i*2/ l i/i...t/2k+:irs\ / 7 -ui...u 2 / l /7-^i---'! ; 2*:+i 
+ 1 2 2 3 ' 4>,E I 4>,o 



+ 



+ 



1 rraT/ri...r„ui...u 2 hr/i...t/ 2 fc \rru\...U2hT'v\...V2k rn 2rru\...U2hn~v- l _...V2k'\ 



L f ~ X J ' s T/ I 'i-" r ™ u i-" u 2/i^i-"«2fc 1 ■<rri...r n ui...U2hVi--.V2krs\<-rui...U2hTV 1 ...V2k 
~ \~° v 2 "T v 3 ) 2 <t>,E 1 <h,E 



(2h)\(2k) 
1 
2 

= J d 3 acr ri ...<j rn [ird r <j>}(T s ,a) = 

sin (?!•<?+ B fl (T s ; XJ, K])sm (g 2 • 5 + B,- 2 (T S ; XJ, K]) = 

oo 

= E R A+fc 

h,A;=0 

/ \ T/ri---/*nMl---«2h+lfl---«2fc+l'T-«l---«2/i+l/T-fl---«2fc+l 

H2fr+l)!(2fc + l)! 4 w> ° *>° 

1 T/'*l---» , n«l---«2h+l'"l---f2fe/7-«l---«2/i+l/7-«l...-U2fc 



■-4>,E 



+ 



(2h + l)\(2k)\ 
1 

{2h)\{2k+ 1)! 
1 



ri...r n ui...u 2 f l ui...«2fc+i/2-Ml---«2/i'7-' !; l--- 1 '2fe+l 



+ 



(2fc)!(2fc)! 
where 



-irr 1 ...r n u\...U2hVi...V2kn-u\...U2hn-v\...V2k 
V A 2 n,E 2 <j>,E 
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i 3 ™ ri ...a rn a ul ...a Uh a vl ...a Vk , 



yr 1 ...r n u 1 ...u h v 1 ...v k = f rf3(7(J r 
JV 

v r 1 ...r nUl ...u h v 1 ...v k = J d 3 aa ri ...a rn d(a ul ...a Uh ) ■ d(a vi ...a Vk ), 

v r 1 ...r n u 1 ...u h v 1 ...v k rs = J OO ri ...O rn d T {(J U1 ...G Uh ) 8° {(J V1 ...G Vk ) , 

f d 3 aa ri ...a rn a ul ...a Uh d r (a vl ...a Vk ). (5.11) 



r 1 ...r„u 1 ...u h v 1 ...v k r 



Then there are the related Dixon multipoles 



< 1 («(p.))-C(«(p.))^(«(p.))^" rni4T (r.) 



= eE(u(p.))...e£(ii(p.)) / <Pvo n ...o r «[±[* 2 + 0<P) 2 + m 2 2 ](T s , a)u»(p s ) + 

+ [nd r ( f ) }(T s ,a)e^u(p s )) = 

= 2c^(«(p.))..<(«(p.)) 

| dg 1 d«2A fl (T a ;P;,H]A Ss (T a ;P;,H] j dW 1 ...^" 

«"(p a )((w(gi)w(ga) + gi • gs) 

sin (gl • <? + B fl (T a ; XJ, K])sm (q 2 ■ a + B,- 2 (T a ; X$, K]) + 
+ m 2 cos (gi • a + B fl (T a ; X$, K})cos (gi • <x + B fl (T a ; X;, K])) - 
- e?(u(p fl )) g 2 r sm(gl • a + B fl (T a ; XJ, K])»n(ft • <? + B ? - 2 (T a ; XJ, K])" , 

« W (P.) ^-^(T s ) = 0, 

n = =► p»(T s ) = P»[<t>] = e» A {u(p s ))P$ ~ rf, 

p^(T s )u,(p s ) = t^(T s ) = e^(u(p s ))...e^(u(p s ))I r T ^ (T s ). (5.12) 
The spin dipole is defined as 
SFiT.M = 2p [ r ] (T s ) = 2e^(u(p s ))e%(p s ))r T AT (T s ) = 

= [e?(u(p s ))u»(p s ) - e»(u{p s ))u»(p s )} 1 - J d 3 aa r [<K 2 + («90) 2 + m 2 2 ](T s , a) + 

+ [e^uiPsMHps)) - c v r {u(p s ))e>:{u(p s ))] [ dW[7rd s 0](T a , a) = 



= = ^(u(p s )y s (u(p s ))S; s + [e?(u(p s ))u»(p s ) - e»{u{p s ))u»{p s )]Sl r = 
= e»{u{p s )y s {u{p s )) J dqU(T s ,q)(q r —-q s —)K(T s ,q)- 



dq s dq r 

[e?(u(p a ))u"(p a ) - e»{u(Ps))u»{p s )] J dqco(q)U(T s , q)^K(T s , q), 

uMsffm = -e»(u(ps))s; r = -tUT s ) = p;e»(u(ps)K, (5.13) 
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with u fJ- (p s )Sj U (T s )[<f)] = when t^(T s ) = and this condition can be taken as a def- 
inition of center of mass equivalent to Dixon's one. When this condition holds, the 
barycentrice spin dipole is S^(T a )[<j>] = 2e^(u(p s ))e^(u(p s ))I^ ST (T s ), so that lf s]T (T s ) = 
ettu(p s ))ei(u(p s ))SP(T s )[cf>). 

As shown in Ref. |J, if the Klein-Gordon field has a compact support W on the Wigner 
hyperplanes Svkt and if f{x) is a C°° complex- valued scalar function on Minkowski spacetime 
with compact support [so that its Fourier transform f(k) = J d 4 xf(x)e lk ' x is a slowly increas- 
ing entire analytic function on Minkowski spacetime (\(x° + iy°) q °...(x 3 + iy 3 ) q3 f(x^ + iy^)\ < 
C<? ...g 3 e a °' i/0 ' + '" +a3 ' s/ ', > 0, positive integers for every /i and C qo ,,, qz > 0), whose inverse 
is f(x) = J -0ff(k)e~ ik -% we have 



<T^,f> = Jd*xT^(x)f(x) = 

' dT s J d 3 af(x s + 5x s )T^[x s (T s ) + 8x a {3)\[<j>\ 



J dT s J d 3 o J ^/(*)e-*-[-'Cr.)+fa.W] T ^[ a;- (T.) + 5x 8 (ff)][4>] 



(27T) 



/ dTs l 7^ f ~^ e ~ tk ' Xs(Ts) J d 3 <rT^[x s (T s ) + 5x s (a)}[4>] 



(2k) 

E^MJ(«(p.)K1 



oo f j\n 



n=0 n[ 



r r d A h 00 (—i\ n 

= dT ° 7^-J^ e ~ lk ' Xs(Ta) £ [ -^k, 1 ...k^-^(T s ), (5.14) 

and, but only for f(x) analytic in W |], we get 



-1)" <9 n 



T^(x)M = / ^ 4 (x-x s (T s ))t--— (T s ). (5.15) 

For a non analytic f(x) we have 

< 7-, / > = /fr.£ ( r,)^L.|_ ra + 

+ TT^fW*-**'™ E ^^•••^^■^(T s ), (5.16) 

and, as shown in Ref. 0, from the knowledge of the moments £ji L '"' t ™' t (T g ) for all n > AT we 
can get T tiV (x) and, thus, all the moments with n < N . 

In Appendix C other types of Dixon's multipoles are analyzed. From this study it turns 
out that the multipolar expansion ( |5.15| ) may be rearranged with the help of the Hamilton 
equations implying d^T^ — 0, so that for analytic Klein-Gordon configurations from Eq. (|G5| ) 
we get 
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T^(x)[<f>] 




(Ts), 



(5.17) 



where for n > 2 lp~^(T s ) = ^TT J^ n - lMtMn> (T s ) , with the quantities 
Jj, 1 " tinflUf " J (T s ) being the Dixon 2 2+n -pole inertial moment tensors given in Eqs.( |C7|) [the 
quadrupole and related inertia tensor are proportional to IJp r2TT (T s )]. 

The equations d^T^ — imply the Papapetrou-Dixon-Souriau equations for the 'pole- 
dipole' system P%{T S ) and SP(T a )[<j>] [see Eqs.Q) and flC§] 



dP£(T 3 ) 
dT s 







dT s 



2P^(T s X\ Ps ) = 2P r >(u(p s ))u% s ) « 0. 



(5.18) 
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VI. EXTERNAL AND INTERNAL CANONICAL CENTER OF MASS, 
MOLLER'S CENTER OF ENERGY AND FOKKER-PRYCE CENTER OF 

INERTIA 



Let us now consider the problem of the definition of the relativistic center of mass of 
a Klein-Gordon field configuration, after having seen in the previous Section, Eq( |5.12| ), 
Dixon's definition of this concept in the multipolar approach. Let us remark that in the 
approach leading to the rest-frame instant form of dynamics on Wigner's hyperplanes there 
is a splitting of this concept in an "external" and an "internal" one. One can either look 
at the isolated system from an arbitrary Lorentz frame or put himself inside the Wigner 
hyperplane. 

From outside one finds after the canonical reduction to Wigner hyperplane that there is 
an origin x^(r) for these hyperplanes (a covariant noncanonical centroid) and a noncovariant 
canonical coordinate x^(r) describing an "external" decoupled point particle observer with 
a clock measuring the rest-frame time T s . Associated with them there is the "external" 
realization ( |2.9|) of the Poincare group. 

Instead, all the degrees of freedom of the isolated system (here the Klein-Gordon field 
configuration) are described by canonical variables on the Wigner hyperplane restricted by 
the rest-frame condition P^ « 0, implying that an "internal" collective variable X$ is a 
gauge variable and that only relative variables are physical degrees of freedom (a form of 
weak Mach principle). Inside the Wigner hyperplane at r = there is another realization of 
the Poincare group given by Eqs. (|3.4|), ( |3.5| ) with generators PI, P£, J™, K r ± = J^ r \ T=0 = 
S^ r , the "internal" Poincare algebra. By using the methods of Ref. [|TU| (where there is a 
complete discussion of many definitions of relativistic center-of-mass-like variables) we can 
build the following three 'internal" (that is inside the Wigner hyperplane) Wigner 3-vectors 
corresponding to the 3-vectors 'canonical center of mass' q^, 'Moller center of energy' 
and 'Fokker-Pryce center of inertia' (the analogous concepts for the relativistic N-body 
problem are under study ||). 

The noncanonical "internal" M0ller center of energy and the associated spin 3- vector are 




+ 



([u(q 1 )oj(q 2 ) + q\ ■ q 2 }sin (q\ ■ a + B fl (r; Xf, K})sin (q 2 ■ a + B ?2 (r; X$, K]) + 
m 2 cos (q\-a + B fl (r; X$, K])cos (q 2 ■ a + B 9 - 2 (r; X$, K])) , 



ft, 



— * — * 

J<t> — Ttj, X P^, 



6 



-rs 




1 




(PI) 2 
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{nj, nj} = ^»(n$ - • ^) {nj, p;} = o. (6.1) 

We see that coincides with Dixon's definition of Eq. (|5.12[) . 

The canonical "internal" center of mass [{ql, qi} = 0, P|} = 5 rs , {J^,q^} = e rs "g^] 

is 

-, J S x Q(t> 

q4> = r <t>- 



(P$) 2 -Pt(P$ + y/(P$) 3 -P*) 

TO 2 - pi M T ) 2 - ^ T + M r ) 2 - ^ 2 ) 
, (g* • ^) ^ 



p;^n) 2 - p m + v ( p ^) 2 - p2 

« r /or P « 0; {^, P^} = » 0, 



5*130 — J <t> — q<i> x P<t> — 



\pi) 2 - p i v(n r ) 2 - n vto 2 - p2 ( p + v( p ;) 2 - p i 

« #0, for P « 0, 

{^0, P^} = {S^, g^} = 0, {S r q(f) , S^} = e rsu Sg (t> . (6.2) 

The "internal" noncanonical Fokker-Pryce center of inertia' y$ is 

-. -> S q A, X Pa, SLa X Pa 

2/0 = q<t> + / / 5 - = r + 



ra 2 - + vw) 2 - n 2 ) n T vw) 2 - 



x p+ p^ + a /(p;) 2 -^ 2 

r0 + 



p;(p; + v/(p;) 2 - p|) PI + VTO 2 - ^ 2 

f„,r „,si _ 1 tsu\qu 1 ' -^V) "^0 

\J/^> 2/0/ - — ; 7== =^= e ^0 + 



( p ;) 2 - p l v^) 2 - p l^ p i + v( p ;) 2 - p l 

P<\> ~ <?0 ~ ^*0 ~ jfc. (6.3) 

The Wigner 3-vector is therefore the canonical 3-center of mass of the Klein-Gordon 
field [since q$ w r^, it also describe that point z m (t, q<f,) = x%(t) + q^e^(u(p s )) where the 

energy of the field configuration is concentrated] . Instead, the previous variable X^ should be 
better named the 'center of phase' of the field configuration. There should exist a canonical 
transformation from the canonical basis XI, PI, X^, P^, H(r, k), K(r, fc), to a new basis 



gj, P;' = ^(P;) 2 - Pl [since P;} = P+/P} only weakly zero], P., H'(r, fc), K'(r, fc) 
containing relative variables with respect to the true center of mass of the field configuration. 
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However it does not seem easy to identify this final canonical basis; in particular it is not 
clear how to find the 'time' variable gj. Maybe the methods used in Ref. || can be extended 
from particles to fields. 

The gauge fixing pa [it also implies A(r) =0 like pa 0] forces all three internal 
center-of-mass variables to coincide with the origin x^ of the Wigner hyperplane. We shall 
denote x s (r) = x%(0) + ru^(p s ) the origin in this gauge, because, as we shall see, in this 
case it enjoys of properties not present in the X^ ~ gauge [where we have that x^^^ij) = 

a£(0) + ru%(p a ) is formally equal to x { /^(t), but, since t£(T s ) ^ 0, u^{p s )S^{T s )[<j)} ^ 0, it 
has to be interpreted as a different centroid]. 

In the gauge ~ the origin becomes the Dixon's center of mass which coincide with the 
internal Moller center of energy as shown in Eq. (|5.12p [and then Eq.( |5.16|) implies that the 
origin is also the Tulczyjew |TJJ and the Pirani [HJ] centroid (see Ref. [FS for a review of these 
concepts in relation with the Papapetrou-Dixon-Souriau pole-dipole approximation of an 
extended object), because they are defined by p Sfl Sj, u (T s )[(p\ pa and by u^(p s )Sj, u (T s )[4>] pa 

respectively and we have = e s u^{p s )}. Therefore, the worldline x?** is the unique center- 



of-mass worldline of special relativity in the sense of Refs. |L9|. 

The rest-frame instant form "external" realization of the Poincare algebra of Eq. 

has the generators p^ J l J = x l s p> s — x{p % s + 5 ir 5 js S2 s , K\ = J° 



x°p l s 



x\p° s 



sir crs 
Ps 



x° s pl 



- x\p° + 5 %r ^p*^ [for x° = this is the Newton- Wigner decomposition of Jff v ]. 
:eady said the canonical variables x%, p^, may be replaced by the canonical pairs 
±Jpl } T s = p s ■ x s /e s [to be gauge fixed with T s - r pa 0]; k s = p s /e s = u(p s ), 



C .S \ ^ S ^n^e 



e s q s 



One can build three "external" 3- variables, the canonical Q s , the Moller R s and the 
Fokker-Pryce Y s by using this rest-frame "external" realization of the Poincare algebra 



Q s 

Y S = Q 



f~ Ps_ ~o\ 

is 



~ _ p±~° - £2 

x s n X s ~ 

Ps e s 
S<h x p s 



R s + 



^0 X Ps 

P°(p° s + e s y 

Ss x ps p°Rs + t s Y s 



e s (p°s + e s 



R s + 



p°s(p°s + e s 
x p s 

V° s ts 



P°s + e s 



{R r s , R s s } 

{yi,y s s } 



(P°s 



£sP° 



-e rsu n u s , n s = Js-Rs>< Ps 



S u + 0V&)p" 



£s(p°s + £s 



Ps 



Ps Qs Ps ' ^s Ps ' Y s kg ' Zg^ 

0^Qs = Y s = R s , 



(6.4) 



with the same velocity and coinciding in the Lorentz rest frame where p s = e s (l; 0) 

In Ref. [1(| in a one-time framework without constraints and at a fixed time, it is shown 
that the 3- vector Y s [but not Q s and R s ] satisfies the condition {K r s ,Y s s } = Y s r {Y s s ,p°} for 
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being the space component of a 4-vector Y^. In the enlarged canonical treatment including 
time variables, it is not clear which are the time components to be added to Q s , R s , Y s , to 
rebuild 4-dimesnional quantities R%, Y^, in an arbitrary Lorentz frame T, in which the 
origin of the Wigner hyperplane is the 4-vector x^ = (x°\ x s ). We have 



%(r) = (x°(t); x.(t)) = x* - . - , , p sv S7 + e s (S°/ - S] 



£s(p° s + e s 



s e 2 



ks • Z. 



x° = yjl + k*(T. + -^) = VI + kl(T s + k s ■ q a ) ± xl p° = 6 S Vl + kl 

x s = — + (T s + ks — )k s = q s + (T s + k s ■ q s )k s , p s = e s k s . (6.5) 
e s e s 

for the non-covariant (frame-dependent) canonical center of mass and its conjugate momen- 
tum. 

Each Wigner hyperplane intersects the worldline of the arbitrary origin 4-vector x%(t) = 
z^ir, 0) in a = 0, the pseudo worldline of x%(t) = 2 m (t, a) in some a and the worldline of 
the Fokker-Pryce 4-vector Yf(r) = z^ir, ay) m some dy [on this worldline one can put the 
"internal center of mass" with the gauge fixing ~ (q^ ps ps y$ due to ps 0)]; one 
also has = z^(t, <tr). Since we have T s = u(p s ) ■ x s = u(p s ) • x s = r on the Wigner 
hyperplane labelled by r, we require that also Y^, R^ have time components such that they 
too satisfy u(p s ) ■ Y s = u(p s ) ■ R s = T s = t. Therefore, it is reasonable to assume that x%, 
YJf and R% satisfy the following equations consistently with Eqs. (|6.1| ), ( |6.2|) when T s = r 
and ps 



(S»; 1.) = (x°; ^ + (T S + ^)k s ) = x™" + 

= x^ 1 + 7^ 



e s [l + M°(p s )] 
e s e s u°(p s ){l + u°(p s )\ e s 



x s '/r 



(^ x p s 



e s u°(p s )[l + u°(p s )\ 
= x^ + e»(u(p s ))a u R , 

T s = u(p s ) ■ a;W = u(p s ) ■ x s = u(p s ) ■ Y s = u(p s ) ■ R s 



a 



- e r ^u{ Ps ))[x s x s \- [l + u°(p s )} 

err | S i S Ps _ f r r , S^(p s ) ^ 

— dj, -\ — — rr — 



+ esil + u°(p s )} s + ^l + u°(p.) 
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i + u°( Ps ) \ + u°(p s y 

cr r y = e ril {u{Ps))[xf^ - ni = " ^^')) ^f+^] = 

_ ^ r _ g^Agj = e r r + [l-^°(p a )]^(p B ) ^ 

U°(p B )[l+«°(p a )] ^ M°(p s )[l+M°( Ps )] 

^ [i-u°(p s )}s; s u s ( Ps ) 

u°(p s )[l + u°(p s )} ' 

x^ )M (r) = Yf, for ^ « 0, (6.6) 

namely in the gauge ~ the external Fokker-Pryce non canonical center of inertia co- 
incides with the origin x^^(r) carrying the "internal" center of mass (coinciding with the 
"internal" Moller center of energy and with the "internal" Fokker-Pryce center of inertia) 
and also being the Pirani centroid and the Tulczyjew centroid. 



Therefore, if we would find the canonical basis g£, P^ = y (P^) 2 — P|, q^, P<f,, H (t, q), 
K'(r, q), then, in the gauge q^ ~ and T s « r, the Klein-Gordon field configurations would 
have the four- momentum density peaked on the worldline Xs ^*(T a ); the canonical variables 
H (r, g), K (r, <f) would characterize the relative motions with respect to the "monopole" 
configuration describing the center of mass of the field configuration. The "monopole" 
solutions of the Klein-Gordon equation would be identified by the conditions H (t, q) = 
K.'(r, q) — [formally they are given by Eqs. fl4.38|) with X^, X^ and P£ replaced by gj, q<f, 



and y (P^) 2 — P|]: these field configurations have the same independent degrees of freedom 
of a free scalar particle at rest with mass PJ ~ P^" [its conjugate "time" q^ would satisfy 
d/dT s = d/dq^ in the free case, see Subsection D of Section IV]. 

Remember that the canonical center of mass lies in between the Moller center of energy 
and the Fokker-Pryce center of inertia and that the noncovariance region around the Fokker- 
Pryce 4- vector extends to a worldtube with radius (the Moller radius) \S^\/ PI. 



39 



VII. COUPLING TO SCALAR PARTICLES. 



In this Section we shall consider a Yukawa-type coupling of the Klein-Gordon field to the 
masses of scalar relativistic particles |L| to find which are the Dirac observables spanning 
the reduced phase space. The action is 



S = f drL(r) = j drd 3 a(N(r, a)yji{r, a) 



X - \<j :: o- + -lu'oiho + <r<) r o<Ko - nro 2 



N 



^5 3 (a- ffi(r)) TiiTiii + G0(r, a)}J[g TT + 2g T ff)t(r) + g f $Vi (r)ri! (t 



i=l 



r, a 



"I r 1 



drd'aU^r, a)- -[d T - N r d f ]<P [d T - N s d s }<j) + 



2 >-N 



N 



+ Ntf'dridrf - m 2 2 ] J (r, B) - £ 5 3 (a - ^(r))^ + G0(r, a)} 

i=l 

y/[N* + 9fS (N f + vI(t))(N* + (r))](r, <?)), 



and the canonical momenta are 
dL(r) 



Kif I T I 



dfit 



rami + C0(r, ffi(r)) 



g,s(N s + r)!(T)) 



tt(t, a) 



N* + g„{N* + Tif(T))(N' + Ti?(T)) 
dL 



dd T (f)(T, a 
a) r 



Ph(t, a) 



N(r,a) 
dL 



dd r z^{r, a) 



^(r, a) 

N 



^[^(0 - N f d^f - Y'd^d^ + m 2 2 ] ) (r, a) + 



+ E*V-#0-)) 



[rami + G(J){t, a)} N{t, a) 



i=l 



^ + + (r))(iV* + i)f (r))](r, a) 



+ z ilt (r, ah sr (r, a) [(^,0(0 - N^) ) (r, a) + 

[r^ + G^^ + ^r)) 



iV 



+ E* s (*-#0-))- 



i=l 



^ + + J)r(r))(^ + ?)f (r)) 

We get the first class constraints 
W,«(r,a) = /^(t, a) - 



r,cr 



(7.1) 



(7.2) 
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N 



7T 



77 



2^7 



[fW-mV](r, a) + 



+ 5Z^ 3 (o s - ffi(T))rtiJ [rum + G0(r, a)] 2 - 7^(1, a)ft tf (t)k«(t) 



i=i 



A? 



- z Slx (T,a)Y s (r,a) (tt<9^) (r, a) + ^ <J 3 (5 - ^(r))^ (r) 



0. 



(7.3) 



Following the procedure of Section II, one can arrive at the reduction on the Wigner 
hyperplanes, where the remaining four first class constraints and Dirac Hamiltonian are 



N 



n{r) =e s - [E^Vfc + G^Mr))} 2 + ^(r) + 

e s - M « 0, 

WpOO =E^(r) + / dV[7r90](r, a) « 0, 



+ ^ / rf 3 a[vr 2 + (90) 2 + m 2 2 ](T,a) 



A 



i=i 



# D = \(t)H + \(t) -n p . 



(7.4) 



In the gauge T s — r w the Hamiltonian is iff? = M — A(r) • H p . 

Let us make a canonical transformation from the canonical basis ^(t), k«(t), </>(t, a), 
7r(r, <t), to the new basis r/ +(r) k+(t), p a (r), 7r (r), J¥J, PJ", X h ?+, H(r, g), K(r, <f) [0, vr, 
are assumed to satisfy Eq. ([4.29|) 1 with the particle variables defined by 



N-l 



Vi = V+ + 



a=l 
N-l 



N 



Tin 



a=l 



N 



N 



N 
i=l 

I] lai = 0, 

i=l 



p a = VN H 
1 



1=1 



A? 



7T„ 



iv i=l 



Af-1 



A 



J] lailaj = $ij ~ 



a=l 



^2%ijbi = Sab- 



(7.5) 



i=l 



The variable t/+(t) is playing the role of a naive "internal" center of mass for the particles 
on the Wigner hyperplane. From the discussion of the previous Section, it is clear that the 
real "internal" center of mass of the N particles is a q + defined like of Eq.( |6.2D with 

r + = J2iLi \Z m i + rji/ J2k=l \Z m l + ^t- But, since it is not known (like it happens for 
the Klein-Gordon field) the canonical transformation rji, /tj i— > q + , k + , p ga ,^qa identifying 
the real relative variables p qa , n qa [see however Ref. ||], we shall go on with the previous 
naive canonical transformation in the following discussion to see which kind of collective and 
relative variables emerge for the particles plus the real Klein-Gordon field. 
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We also remark that we use the field "center of phase" and not the real internal 

— * 

center of mass q^, because the knowledge of the canonical basis containing allows us to 
illustrate interpretational aspects which will hold also with the canonical basis containing 
when it will be found. 
The constraints become 

N 

H{t) =e s - [P; + 5>(foimi + G0(t,^(t))] 2 + 



i=i 



I N ~ 1 X 1 II 

+ b« + W + VJvEiAW] 2 ) 



a=l 



H p {r) = k + + P^0, (7.6) 

— * — * 

We can now replace the canonical variables ff + , k + , X^, P^ with the following canonical 
ones 

Y = ±(rj + + Xt), 
H v = k+ + P^^ 0, 

C = v+ - x<t>, 
i 

V + = \( + Y, 
1 - 

P* = \n P - 7? c ~ -*c- ( 7 - 7 ) 

— * 

We see that Y is playing the role of the naive "internal" center of mass of the full 
"particles+field" system: it is the gauge variable conjugate to H p « 

The global relative variables C( t )j 7 ?c( r )> describe the relative motion of the particle and 
the field naive centers of mass and rule the action-reaction between the two subsystems. 

With the natural gauge-fixings: Y 0, T s — r ps [so that ff + ~ |£ ~ — X^] and the 

associated Dirac brackets, we get the reduced phase space z s , k s , (, tt^, Pa(r), 7t (t), X^, 
P£, H(T s ,q), ~K(T s ,q) with the evolution in T s = r ruled by the Hamiltonian 

AT 1-1 iV_1 



# = ^ + E^([^ + ^(T„ -C(T.) + 77^ E 7«Pa(T s ))] 2 + 



i=l * Viv 0= i 

AT-1 



+ [-r=7f c (T.) + v/iV E 7a^m)l 

iV a=l 

d ^ f p; + J2viMi, 

i=l 
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N-l 



M} = farm + G0) 2 + + VN E 7«vr a ] 2 , 



a=l 



N-l 



2C(r.) + ^= E W«Cr.)) = 

= 2 / dqy/FT(q)u)(q)P; + F(q)q- tt c (T s ) + 2^H(T S , g) 

i AT-l 

cos [g • (C(T S ) + ^ E 7»Pa(T s )) - 
- u(q)(T s - X;) + J dkdk'K(T s ,k)g(k,k')A(k' ,q) 



(7.8) 



The equations of motion for P£, C( r )) ^c( r )' Pa(j), ^aij), H(r, <f), K(r, g) are 
[remember that T s — X^ = —X£\ 



dn ( (T s ) 

N 1 7T£ 1 JV_1 



+ Cf^m* + G<f>) I dq . F ^ 

J v /^(g)c(g)P; + F(q)q- n c (T s ) + ^H(T S , g) 



JV-1 



COS (g • (CC^) + -7= E 7aiPai(T s )) - 
VJV a=i 

cu(g)(T s -XT) + J dkdk'K(T s ,k)g(k,k')A(k' ,q))], 



d * dTs) ±{ndTs),H}= 9H 



dT* 



d((T s ) 



N 



2GE 



rjiVfii + G(j) 



J dqq^/FT( q )u;(q)P; + F(q)q- n c (T s ) + V^il(T s , q) 



Y N-l 

sin (q- (C(T S ) + ^=E %iPai{T s )) 
VN a=1 



- u(q)(T s - XT) + J dkd~k'K(T s ,k)g(k,k')A(k' ,q)), 



dp a (T s ) _p (9iJ 



9p a (T s ) 
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N 



2G 



13 



rgmi + G(f) 
' ViMi 



J dqqy/F-(q)uj(q)P} + F(q)q- vf f (T s ) + 2^H(T S , q) 



N-l 



— LO 



sin (q- (C(T S ) + —= ^ l a ipai(T s )) - 
VN a=1 

(q)(T s -X;) + J d~kd~k'K(T s ,k)g(k,k')A(k' ,q)), 



dX 
~dT s 



</> _o_ 



{XLH} 



dH 

dPZ 



-1 + GE 



' 7 rjiirii + G0 



/dg- 



i=i ^ 7 * yjFT(q)u(q)P} + • tt c (T,) + P g -H(T S , q) 

1 Ar ~ 1 

cos (g • (((T s ) + -7= J! 7«Pai(T s )) - 
VN a=l 

uj(q)(T s -X;)+ f dkdk'K(T s ,k)g(k,k')A(k' ,q)), 



d_n 

dT 



2C V Vimi + °^ 



sin 



LO 



dH(T s ,q) 
dT 



J dqu(q)y/FT(q)u(q)P} + F(q)q- tF ( (T s ) + 2^H(T S , 

1 JV-l 

(? • (C(T S ) + -= Y: %iPai(T s )) - 
(q)(T s -X;) + J dkdk'K(T s ,k)g(k,k')A(k' ,q)), 
5H 



{H(T S: q),H} 



5K(T s ,q) 



N 



i=i 



ViMi 



J dkdk'g(q,k')A(k',k) 



F-(q)u(q)PI + F(q)q- 7T C (T S ) + Z>,-H(T S , q) 



N-l 



in (k ■ ({(Ts) + -= ]T laiPai(T s )) 

VN a=l 



sin 



- u(k)(T 8 - X;) + f dMfc 2 K(7;,fci)^(fci,fc 2 )A(fc 2 ,fc)), 



dT 



{K(T s ,q),H} 



5H 



5H(T s ,q) 



2C V Vimi + G< ^ 

hi 'I- 



N-l 



cos (q - (C(T S ) + -= laiPai(T s )) - 



a=l 
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-u{q){T s -X;) + J d~kd~k'K(T s ,k)g(k,k')A(k' ,q)) 
Fr(q)u{q)P$ + F(q)q- t? c (T s ) + D f H(T s , g))" 1 



(7.9) 

When the decomposition into center-of-mass and relative variables will be available for 
the transverse electromagnetic field in the Coulomb gauge, one will be able to make a similar 
treatment of the isolated system consisting of N charged particles (with Grassmann- valued 
electric charges) plus the electromagnetic field |]|§. 
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VIII. CHARGED KLEIN-GORDON FIELD. 

A. On spacelike hypersurfaces. 

Following Ref. ||, let us now consider a charged Klein-Gordon field: 

= - #2) [0i = 75(0 + 0*), 02 = 75(0 - 0*)], whose action is 



S= I dTd 3 aN{T,a)^{T,a)(g TT <p* + 

+3 r " [0* <9 f + 9,0* 0] + g fS d f (j)* d s <j) - m 2 0*0) (r, a) 

1 



drd 6 a^(r, <?)(^[0* - A^0*] [0 - iV s <9,0] + 



+ N\y fS d f (j>*d s (j) -m 2 0*0])(r, 
The canonical momenta are 

1 



dL 




<9<9 r 0(r, a 


) 






N(r,a) 
dL 




<9<9 t 0*(t, a) 






N(r,a) 
dL 





:(7T! -i7r 2 )(r, a) 



-^=(7Ti + Z7T 2 )(r, 5) 



- iV r <%0 (r, a) 



<9<9 t ^(t, a) 



Y s df4>*dg(p — m 



2 i * 



r, <?) + 



+0s At (r, a)7 rs (r, a) [TT^dfcj)* + 7^0] (r, a) 
Therefore, we have the following primary constraints 

-i M (r, - yfytf'drfdrt - m 2 0*0 



+^(r, a)7 rs (r, a){^ r df(j)* + 7^0] (r, a) « 0, 
and the following Dirac Hamiltonian 

H D = J rf 3 aA^(r,a)^(r, a). 

By using the Poisson brackets 

{z^r,a),p u (r,a')} = r ] ^(a-a'), 
{0(r,a),vr 9i (r,a)} = {0*(r, ct),7t^(t, <?')} = 5 3 (a-a), 
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we find that the time constancy of the primary constraints implies the existence of no 
secondary constraint. The constraints turn out to be first class. 

After the restriction to spacelike hyperplanes z^(t, <?) = x%(t) +bf(r)a r , the constraints 
are reduced to the following ones 



Ps 



dVW^r, a) 



n / dV 



7r^*7T0 + d(f)* ■ d<p + m 2 (p*(p 



r, a 



W u {t) 



- %(t){ J d 3 a[n r dr^ + n^dftp] (r, (?)} « 0, 

= #(r) / dWW(r, a)-b u f {r) J d 3 aa f W(r, a) 



+ 90* • 90 + m 2 0*0 



+ (6jf(r)6J(r) - 6j;(r)6S?(r) 



7I><9§0* + 7T^9|( 



fr, a) « 0. 



(8.6) 



The only surviving constraints on the Wigner hyperplanes [with the reduced canonical 
variables x%(t), p£, 0(r, a), 7i>(r, a) = <j)*(r,a), 0*(r, a), 7i>(r, a) = 0(r, a), satisfying 
standard Dirac brackets! are 



T 



H p (r) 



a 



d 3 a 



7i>7T0 + d0 -dcp + m 



2 i* 



fr, a) « 0, 



The Lorentz generators have the form of Eq. (|2.9|) with the spin tensor 



s: s = s: 



rs jrs 



■J ,k 



d 3 c(c r [vr^9 s 0* + vr^ s 



•7) 



(8.8) 



With the gauge fixing x — T s — r rs the final Hamiltonian becomes 
H R = M <l> -\(T.)-H p (T a ), 



Mm 



+ 777. 



2 i* 



(T s ,c?) 



(8.9) 



B. Collective and relative variables. 

A priori we have the following two possibilities for the description of the complex Klein- 
Gordon field 0(t, (?) in terms of a Fourier transform 

0(t, a) = -jJ^t, ^) + i( h{T, ff)} = 

= ^=Jdq( [ ai (r, fie-*^-™ + al(r, fle*^-™] + 
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+ i[a 2 (T, fi e -i("(*)T-q-cr) + ^+«M?)r-,>1] ) = 

= J dq[a{r, $) e -*M*)T-*9) + 6 *( r> ^+'("(9)t-«>1] ) 
= 4= fdq( [ai(r, ^-'M*)'-**) + a *(r, g) e i ( w ^ T - f ^] 



v/2 

- i[a 2 (r, g >- ! ( w (^-^) + a *(r, ^e+^fo)'-**)] ) = 
= J dq[b(r, q) e - % ^ T ^ + a*(r, ^e+'M*) 1 -**)], 



= ^= J dq[ [ai(r, ^-'M^-**) - a *( r , £) e +*M<?)-^)] _ 

- i[a 2 (r, g) e -*(-(<?)-?-) _ a *( T) ^ e -H(a;(9)r-f-5)] ) = 

= -i J dgw(g)[6(r,g)e- <(h,(9)T - ? - ff) - a*(r, g)e +iK9 >^ ) ], 

= dg( [ai(r, ^e-^W"*) - a^r, $) e -K(«<*>*-**>] + 

+ i[a 2 {r, fl e -i(»(«)T-^) _ a *( Tj ^ e -H(«(9)T-?-5)] ) = 

= -i J dg^%)[a(r,g>-^>-^ - b*(r,q)e +i ^ T -^% 



Oi(T,$ = yll i {T,$e**™, 2 = 1,2, 

a(r ' ^ = 7! [ai(r ' ^ + m2(r ' ^ = Tl^ 6 ^ 1 + ^ e ^ 2](r ' ^ = 

6(r, 9) = ^[oi(r, 9) - ta 2 (r, g)] = ^V^ 1 - ^^ 2 ](r, q) = 

= J d 3 a[cu{q)(f)*(T, a)+iTT(r,a)]e t{ ^ q)T ~^ ) = y/l b (r, q)e itpb ^ , 

a*(r, q) = ^|[ a i( r > ?) ~ ia l(^ 0)\ = 

= J d 3 a[uj{q)(f)*(T, B)-m(r, ff)] e -^(^-^\ 
b*(r, q) = -^l a l( T , O) + ia* 2 {r, q)} = 

= J d 3 a[u(q)(j)(T, a) -in*(T,a)]e- l( ^ q)T ~^\ 
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Ii(r,q) = a*(T,q)ai(T,q), 

7 (r, q) = a*(r, q)a(r, q) = -[a*ai + a*,a 2 + i(a*a 2 - a^a^T, g), 

7 6 (r, = b*(r, q)b(r, q) = ^[ajai + a* 2 a 2 - i(a\a 2 - a^i)], 

(7 a + 7 6 ) (r,g) = [/ 1 + / 2 ](r,g), 
(I a -h) (r,q) = i[ala 2 - ala^q), 

N i4> = J dqa*(r, gX(r, q) = J dql^r, a), 

N a( f, = J dqa*(r, q)a(r, q) = 7^14. + N 2(f> } + ^ J dq[a\a 2 - a 2 ai](r, Q) = 
= J dql a (r,q) = 

= \S d3(X ^ r ^J~TA n + ^V m2 + A< ^ + -n<l>)](T,a), 
N b4> = J dqb*(r, q)b(r, q) = ^[iV^ + N 2(f> ] - l - J dq[a\a 2 - a 2 ai](r, q) = 
+ J dql b (r, q) = 

= \ I t^<r[7r^.-=^— 7r + 0*y^TA0-i(7r^0* - tt0)](t, <r), 
2 J v m + A v 

= N H + A 20 = + N H = 

= J d 3 a[7r r v ^ T ^ vr + <fi*^ + A0](r, a) (8.10) 

However, the description of the conserved electric charge of the Klein-Gordon field priv- 
ileges the use of the Fourier coefficients a(r, q), b(r, q) rather than of the a^r, g)'s, because 
we have 

q^ = t J d?a[ix r <P* - n^a) = N H - N a ^ ^ = 0; (8.11) 

on the Wigner hyperplanes the conservation <9 M — of the electromagnetic current Jjt (x) = 
— i[d^(fi*(fi — 0*(9 M 0](x) is replaced by the existence of the Hamiltonian constant of motion q^. 

The Fourier coefficients aj(r, <?), i=l,2, correspond to the description of the field as two 
real Klein-Gordon fields 0j. Instead, as shown in Appendix D, the Fourier coefficients "a" 
and "b" correspond to two Klein-Gordon fields (f> a , (fib, with positive (<fi a ) or negative ((fit,) 
energy and electric charge, which are nonlocal combinations of <fi and -k^*. 

The total 4-momentum of the Klein-Gordon field may be described either in terms of 
the "a" and "b" or of the "a," 

PI = J dqu(q)[h + 7 2 ](r, q) = P^{r) + P^{r) = 

= J dqu(q)[I a + I b ](r, q) = P^(r) + P^(r) = 

= J d 3 a n^n^ + (90* • d(fi + m 2 (fi*(fi (r, a), 
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P* = J dqq[h + h\{r, q) = P 14> (r) + P 24> (r) 
= J dqq[I a + I b ](r, q) = P a ^r) + P h {t) 



(8.12) 



but it is possible to define a global "relative 4-momentum" of the field only in terms of the 
"a" and "b" 

Ql(r) = \j dqu{q)[I a - I b ](r, q) = P^r) - P^(r) = 

= l -j <Pafo.yfirf + A<i>* - TryW A0](r, a) ^ 



Q<t>( 



T 



^-j dqu(q)[h - I 2 ](r, q) = P^r) - P^(r), 



dqq[I a - I b ](r, q) = P^t) - P h {t) 







<P^m 2 + Ad<P](r, a) + 



y/m 2 + A 

^ l -J dqq\h - J 2 ](r, q) = P 14> (r) - P 24> (r), 

P a<t> = + Q T <j)i Pacj>= -{P^ + Q^), 



Pb<t> — 2 Ql 



Pb<j> — 2~(P<t> ~ Q<t>)> 



The two partial centers of phase have coordinates 
*U = J dquj(q)F^q)Mr,q) = \ % J dqu(q)F^q)ln 



T + 



+ 



-%m I 



d 3 q 



e ™? 



-In 



uj(q) J d 3 oe i ^^[r, a) + % J d 3 ae i * ff n r (r, a) 



2mm J q 2 uj(q) *-uj(q) J d 3 ae l ^ ff (/)*(r, a) — if d 3 ae l ^' ff 7r(r,a) 



def 



X atj> = / dqqF(q)tp a (T,q) 



2i 



dq qF(q)ln 



a(r,q) 



2i 
mn 



a*(r,q) 

v / m 2 + q 2j ^ae^<f)(T, d 3 ae i? - ff 7r r (r, a) i 

s/m 2 + q 2 J d 3 ae-^ ff (f)*(T, a) - i J d 3 ae- i ^7r(r, By' 



= J dquj(q)F T (q) Vb (r,q) = 1 J dqu(q)F T (q)ln 



H^q) 
b*(r,q) 



T + 



+ 



d 3 q- 



£ m 2 H 



-In 



u(q) J d 3 ae i ^<f)*{T, a) + % J d 3 ae i ^ ff 7i(r, 



X h 



2mm J q 2 uj(q) *-ou(q) J d 3 ae ^'^(r, <r) —if d 3 ae % ^'°t\$* (r, (?) 

def ^ T 
= T + X b</>, 

dqqF(q)ip b (T,q) = ^ f dqqF(q)ln 



b(r, q) 



b*(r,q) 



(8.13) 



50 



— / d <izi e 



Tcm 



T 



y/rri' + q'ftfcre^FiT, a) + % J d 3 <re^7r(r, a) 



y/m' 2 + q 2 J dPae-^^T, a) - i j cPae-^Tr^T, a) 



(8.14) 



Therefore, we shall define the canonical transformation of Section IV separately to 
a, a* i ► P^, = r + X^), H a , K a and to 6,6* ^ X^(X^ = r + X H ), 

H b , K fc and not to a iy a*, i=l,2, i— > PA X^,, Hj, Kj [assuming that the fields a , 7r a , 6 , n b 
satisfy Eq. Q4.29Q 1 . Then, we shall do the further canonical transformation from the two sets 
of collective variables X^, P^, X^, P^, to global center of phase variables X£, P^, and 
global relative variables R$, [R£ describes the action-reaction between the centers of 
phase of positive and negative energy field configutations] 



pA _ p A , p A r_ pA , pA] 

r 4> — r a<t> i r b4>[— r l4> + r 2<j>\i 

IDA _ y-A _ -yA 

Q4, = 2^a(t> ~ Pb^)- 



XI — r + XI, 



(8.15) 



The Poincare generators are PI, Pa> and 



J™ = J d 3 a[ir^{a r d s - a s d r )(j>* + 7r^a r d s - a s d r )<f)](r, a) 



/0 c) 
dqa*(r, qW^ ~ <f—)oi{T, q) 



d 



dq[a*(r, q)W'-IL ~ ?*i£:Mt, 5) + ^ Q)W ~ <f£;) r. >J) 



dq s dq r 



dq s dq r 



2 r d 
- rP ^ + i Yl J dquj{q)al{T,q)—ai{T,q) = 

d , _ _ d 



i=i 



= -rPl + i J dqu(q) [a*{r, q)—a(r, q) + b*(T,q)—b(r, q). 
To find the real center of mass q$ we must use Eq.( |6.1|) of Section VI, namely 

jrr I jdt I 
~ J 4> l r <f,\T=0- 

The original variables have the following expression 



(8.16) 



a(r, k) 



F^(k)uj(k)P^ - F(k)k ■ P a ^r) + V k H a (T, k) 

e iJdqJ dq' K a (r,^g(q^)A(^ ,k)+iuj(k)X^(T)-ik-X a4 ,(r) 



b{r,q) 



F-{k)u{k)P^{r) - F(k)k ■ P h {t) + V k H b (r, k) 

jfdqj dq> K^T^Giqtf)^ $)Mu>(k)X^(T)-ik-X b ^T) 
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J d~k( ^F^{k)u{k)P^{r) - F(k)k ■ P a4> {r) + V k H a (r, k) 

e ifdqJ drK„(T,^O(f,^)A(^,^-H«(fc)AX (T)-Hfc-(?-X o ^(T)) + 



+^F-(k)u(k)P^(r) - F(k)k ■ P h {t) + V k U b (r, k) 

e -i J dqf dg'K 6 (r,g^g(g,^)A(^,fc)-^(fc)X^(r)-ifc-(<7-X^(r 



dk(^F^k)u{k)[\pi + Qj(r)] - F(k)k • [±P+ + g^(r)] + P fc H a (r, fc) 

e +j Jdg/ dg'K (r,g)e(g,g')A(g' ,fe)+ia,(fe)[XJ + iR5(r)]+jfc-(5 ! -[X ( , 1 +iR (T)]) + 

+ ^Fr{k)u(k)^F% - gj(r)] - • - ^(r)] + 2\H 6 (r, fc) 

e -i J dqf dq'K b (T,$g(q,?)A(?,k)-iuj(k)[Xl-lRTW^ = 



+ 



1„. ^ „, -i(w+B^(r;X^-I^,K 6 ; 



+ A 6S (r;-/y-Q;,H 6 ] e 



7T(r, (7 J 



— i y dkcu(k) 



{^Fr{k)u{k)[^Pl - Q5(r)] - • - &(r)] + ^H b (r, fc) 

' 1 



-jF-(k)u;(k)[-P; + Q5(r)] - • [-P 



:r)]+P fc H a (r, fc) 

e -< / dqf dq'K a (Trfg(q,?)A(?,k)-iu(k)[X^R-(T)]-ih = 



= I 



i J dkuj(k) 



A,, /7 (r;ip/ + g^H ( ,] = 



'j^(*M*)[^ + gj(r)] - • + &(r)] + %H a (r, fc), 



A 6fe -(r;^-g^H 6 ] 



/i*-(*M*)[^ - Q^r)] - F(k)k • - Q^r)] + 2> £ H*(r, fc), 
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B «jffc X} + -R$, KJ = iu{k)[Xl + -Rl(r)} - ik ■ [X+ + -R^t)} + 
+ J dqdq K a (r, q)G(q, q )A(g , k), 

B^r; - KJ = iu(k)[X; - ^(r)] - ik • [X+ - ip»] + 
+ J dqdq K 6 (r, g)£(<f, ^A^, fc), (8.17) 

In the gauge \ — T s — r ps we get 
0(T S)( x) = | d~k{^F-(k)u(k)[^ + Ql(T s )] - F(k)k ■ Q^(T S ) + D fc H a (T s , fc) 

gi/dg/ d^K (T 8j ^e(g,^)A(r,^+iw(fe)[XJ+|^(T a )]+ifc.(?-|^(T a )) + 

+ ^F^k)uj{k)[^Pl - Ql(T s )] + F(k)k ■ Q^(T S ) + P fc H b (T s , fc) 

e -i JdgJ dg'K b (T 3 ,^g(g,^)A(^fc)-^(A^ 

n{T s ,o) = — i J dku(k) 

(^FT(k)u(k)[±P; -Q%T B )) +F(k)k- Q^(T S ) +V k H b (T s ,k) 

e +i f dgf drK 6 (T,,^S(^)A(^,^.Hw(*)[X5-^fl5(r.)]+i^-(*+^(r,)) _ 

-^Fr{k)u(k)[±P} + Q%T S )] - F(k)k ■ Q^T S ) + V k H a (T s , k) 

= P; J d~kuo(k)F T (k) + J dk(-F(k)k ■ P + V k [H a (T s , k) + H b (T s , fc)]) « 

w P; 1 d~ku(k)F T (k) + J dkV k [H a (T s , k) + H b (T s , fc)], 

g = 2g;(T s ) J dku(k)F T (k) + J d~k(-2F(k)k ■ Q^T.) + V k [H a (T sl k) - H 6 (T S , k)\). 

(8.18) 



C. The coupling to the electromagnetic field. 

Let us consider the action describing a charged Klein Gordon field interacting with the 
electromagnetic field on spacelike hypersurfaces following the scheme of Ref. || 

S = Jdrd 3 aN(T, a)^(r,a) 

{g TT (d T + ieA T )<p* (d T - ieA T )(j) + 

+g Tf [(d T + ieA T )(f)* (d f - ieA?)(/) + (d f + ieA f )(f)* (d T - ieA T )<f>] + 
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+g fi (d f + ieA f )4>* {d- s - ieA s )<f> - m 2 0*0 - \g A0 g 6b F M F Cb }(r, a) = 
= J dTd 3 a^(T, a){^[d T + ieA T - N f (d f + ieAf)]4>* 

[d T - ieA T - N s (d s - ieA s )\<j> + N[Y\d f + ieA f )<f)*(d s - ieA s )<j> - m 2 <f)*(t)} - 
-^{ F rf - N n Fuf)Y s (F rS - N*F iS ) - jY s ^FruF SiJ }(r, a). (8.19) 

where the configuration variables are z^(r,a), 0(t, <r) = <f>(z(T,a)) and A^(r,a) = 
z^(r, ct)A^(z(t, a)) [<f>(z) and A^(z) are the standard Klein-Gordon field and electromagnetic 
potential, which do not know the embedding of the spacelike hypersurface £ in Minkowski 
spacetime like <fi and A^\. 

The canonical momenta are 

oo t A t (t, a) 



do T A?(T,a) N(t,<j) 



dL V7( r )^) 

^^'^ = 0( r ffj = jV(r ff) ^ T + ie ^ r ~ Nr ( d f + ieA ?)\( T i°W( T i°)i 



dL Jl{ T ,°') 

71 >( r ' <? ) = 0*( r = ^—^[d T - ieA T - N r (d f - ieAr)](r, a)0(r, <r), 



dL 



dd T z^{T, a) 



= l,(r, - y^[Y s (d f + ieA f )<j?{d- s - ieA s )(f> - 

-m 2 0*0] + -^-tt^ - y^Y^F f A}(r,a) + 
2 \H 4 

+^(t, 5)7 W (r, ct){tt^ (d f + ieAf)<f>* + ^{d f - ieA f )<f> - F^tt"}(t, a). (8.20) 
Therefore, we have the following primary constraints 

H M (r,a) = p m (t,ct) - 
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-m 2 0>] + -±-n f -g^ - F^F^r, a) + 

+z Sfl (T, a)Y s (T, a){K^*{d f + ieA f )4>* + ^(^ - ieAf)<f> - F™7r u }(r, a) 0, 

(8.21) 

and the following Dirac Hamiltonian [A(r, a) and A m (t, a) are Dirac multiplier] 

#d = / dV[-A r (r, a)r(r, a) + A(r, d> r (r, a) + A"(t, *)W„(r, 5)]. (8.22) 
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By using the Poisson brackets 

{z^t,B), Pu (t,B')} = ^5 3 (B-B'), 
{A A (T,a),^(T,a , )} = 45\a-a'), 

{<f>(r, B), tt (t, a')} = {<P*(r, B), ir r (r, a')} = 5 3 (a - a'), (8.23) 

we find that the time constancy of the primary constraints implies the existence of only one 
secondary constraint 

F(r,B) = d f ir f (r,B) + ie{it^<f -7r^)(r,a) w 0. (8.24) 

We can verify that these constraints are first class with the algebra given in Eqs.(125) of 
Ref. !• 

The Poincare generators are like in Eq. ( ^.6[ ). 

On spacelike hyperplanes z^{r, a) = x%(t) + bf(r)a r , the constraints are reduced to the 
following ones 

7r r (r, B) « 0, 

T(r, B) = -djr(r, B) + ie[n r (f)* - 7r^^](r, B) « 0, 
H»(t) = J d 3 aH^r,B) = 

= P>:-n 1 -Jd 3 a[n 2 + B"](r,a) + 

+ J c/Vfvr^vr^ + + ieA)4>* ■ 0- ieA)<p + m 2 0*0](r, &)} ~ 

- K(t){ J d 3 a(n x B)?(t, B) + J d 3 a[n r (df + ieA?)(f>* + 
+ n^df - ieA f )4>]{T, B)} « 0, 
W\t) = #(r) J d 3 aa f H u (r,B) - b v f (r) J d 3 aa f W l (r,B) = 

= Sr - mr)l V - bKr)n[\ J dW(vr 2 + B 2 )(r, a) + 

+ J d 3 aa f [ir$*7r$ + 0+ieA)(j)* ■ 0-ieA)(j) + m 2 (p*(p](T, a)} + 

+ mrWAr) - bUr)b^r)){ J d 3 aa f (n x B) s (r, B) + 

+ J d 3 aa f [ir r (d s + ieA s )<f>* + z^d, - ieA s )<f>](T, a)} « 0. (8.25) 

With the final restriction to Wigner hyperplanes, where the canonical variables are 
^(r), pi, A T (r,a), it t (t,B), A(t,B), tt(t,B), (p(r,B), vr^r, a) = [<fi* - ieA T ] (r, B) , 4>*(t,o), 
vr^. (r, B) = [<p — ieA T ] (r, B) , the only surviving constraints are 

tt t (t,B)^0, 

T(r,B) = -dn(r,B) + ie{-K r (j)* -7r^](r, B) « 0, 
W(r) = ts~{\j d 3 a(7r 2 + B 2 )(r )( x) + 
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+ J dV[7r^0*7r + + ieA)4>* ■ 0- ieA)<f> + m 2 0*0](r, a)} » 0, 
7? p (r) = /" rfV(7f x 5)(r,a) + 

+ J d?a[K 4> *0+ieA)<p* + 7r^0 - ieA)<p](T, a) « 0. (8.26) 

In the Lorentz generators of Eq. (|2.9|) the spin tensor has the form 

S r / = Sl s = I d 3 a{a r (n x B) s (r, a) - a s (n x 5) r (r, a)} + 

+ Jd 3 a{a r [7r r {d s + ieA s )(j)* + 7r4d s -ieA s )(f)]{T,a)-{r^s)}. (8.27) 

To make the reduction to Dirac's observables with respect to the electromagnetic gauge 
transformations, let us recall pU| . pT| that the electromagnetic gauge degrees of freedom 
are described by the two pairs of conjugate variables A t (t, a), tt t (t, <?)[~ 0], T] em (T,a) = 
—-^-^•A(r,a),T(r, <r)[~ 0], so that we have the decompositions 

d 

A r (r, a) = T^rjemir, a) + A r ± (r, a), 

TC r (r,a) = TT r ± (T,a) + 
1 d 

{A r ± (r,a) , 7rl(r,a')} = -P r ± 3 (a)5 3 (a - a'), (8.28) 
where Pf (a) = 5 rs + A = -d 2 . Then, we have 



J d 3 a 7f 2 (r, a) = J d 3 arr 2 _(r,a) - 



_ ^_ f ^3 ^3 ^(^^ ~ M0( r > gl)»(7T^0* ~ 7T^)(r, q 2 ) 
47T J " Icti — CT2I 



Since we have 



{4>(t, a), T(r, a)} = -ie^(r, a)5 3 (a - a), 
{0*(r, a), T(r, <?')} = ze0*(r, a)^ - a'), 
{^(r, a), T(r, a )} = ieir^r, a)5 3 (a - a), 

{7i>.(r, a),r(r, a )} = -ie-K r j ) *(T,a)d 3 (a - a), (8.30) 



the Dirac observables for the Klein- Gordon field are 

0(r,a) = e-^-^V^), 
0*(r,a) = e ier > em ^(l)*{T, a), 



cr 



= e- ie ^^7r^(r,a), 
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{0(r,a) , T(T,a')} = {^(r,a),T(T,a')} = 0, 
{j>*(r,a) , T(r,a')} = {n^(T,a),T(T,a')} = 0, 



{0(r, a), tt,(t, a )} = {0*(r, a), V (r,ff)} = 5%a, a ). (8.31) 

Therefore, in the generalized Wigner-covariant Coulomb gauge A T {r, a) = rj em {r, a) = 0, 
we have 0*(t, a) = [0(r, cx)]*, 7r^*(r, <?) = [^(r, <?)]* like in the free case. 
The constraints take the following form 

H{t) = e s - { l - J dV(7fi + B 2 ) (r, a) + 

+ J + (<9 + iel ± )0* • - ieA ± )(j) + m 2 0>](r, a) - 

e 2 f 3 3 - ff^)(T, ffi) «(Vf - ^) , 
- — a aid a 2 ^-i }> 

o7T J |(7l — (7 2 | 

W„(t) = y d 3 (j(7f_L x B)(t, a) + J d^a^df + tt^)(t, a) « 0, (8.32) 

where the Coulomb self-interaction appears in the invariant mass and where the 3 constraints 
defining the rest frame do not depend on the interaction since we are in an instant form of 
the dynamics. The final form of the rest-frame spin tensor is 

S r s s = J d 3 a{a r [(7r ± x B) s + n r d s $* + fyd 8 }] - (r <-> s)}(r, a) = 

= S; s (r) + I d 3 a{a r [(n ± x 5) s - (r <- s)}(r, a). (8.33) 

If we go to the gauge x = ^ - r « 0, we can eliminate the variables e s , T s , and the 
r-evolution (in the Lorentz scalar rest-frame time) is governed by the Hamiltonian 

H r = M-\(t)-H p (t), 

M = yd 3 a(nl + B 2 )(r,a) + 

J dV^.^ + + ieA ± )(f>* ■ - ieA ± )(j) + m 2 0*0](r, a) - 

87r 7 |<7i — <r 2 | 



+ 



In the gauge A(r) = 0, the Hamilton equations are 
<9 r 0(r, a) = 7T0*(r, ct) + 



+ 



-0(r, 5) y rf 3 a- 



47T J |<7 — cr| 

9 T V(r, 5) = [0- teA ± (r, a)) 2 - m 2 ]0(r, a) + 



—ir r {r,a) J d a- 
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d T A r ± {r,a) = -ir r ± (r,a), 
d T 7r r ± (r,a) = AA r ± (r, o) + 

+ ieP r ± s (a)$*{d s - teA s ± )<f) - 0(<9 S + ieA' ± )i*](r, a). (8.35) 

The equations for <jf and -k^ are the complex conjugate of those for <p and for fr^*. 
By using the results of Ref . |T[| , we have the following inversion formula 



V = d T <j) + ie 2 cf)^-i(fr r (t)* - 7^0) = 

= d T <f) + ie 2 ^ ^^(0*<9 r 0-0«9 r </>*), (8.36) 

A + 2e 2 0*0 

since we have i(<fi*d T 4> — (j)d T (jf) = (1 + 2e 2 0*0^)i(7T0»0* — 7r<^0) and where use has been 
done of the operator identity -g = ^-[1 — £ + B^B-j — ...] = (valid for B a small 

perturbation of A) for A = A and I? = 2e 2 </>*(/>. 

Using this formula, we get the following second order equations of motion 

{[d T + ie 2 ^^ri(0*<9 r - <R0*)] 2 -id- ieA ± ) 2 + m 2 }0=O, 

A + 2e 2 0*0 

[d 2 + A] A r j_ = ieP™ (a) [(f)* (d s - ieA s L )j) - 0(<9 S + ieA' ± )}*]. (8.37) 

We see that the non-local velocity-dependent self-energy is formally playing the role of 
a scalar potential. 

Due to Eqs. (|8.3i|) , in the gauge A T (r,a) = r] em (r,a) = the Dirac observables (f), n^, 
(ft*, 7r<£*, admit a Fourier decomposition like in the free case, see Eqs.( |8.10| ) and (P5|), with 
Fourier coefficients a, b [the fields <p a , 0& and the Fourier coefficients a, b, tend to the free 
ones 4> a , 4>bi a , b, when we turn off the electromagnetic interaction, switching off the electric 
charge] 

a(r,q) = ^2mu(q) J d 3 a^ a (r, B)S U ^~^ = 

d 3 a[u(q)$(r, a) + ifip(r, B)]S U ^-^ = 



i<p a (r,q) 



a*(r,<f) = ^2muj(q) j d 3 a^(r, B) e ~^^-<i- <?) = 

' d 3 c[u{q)fr{T, a) + in^r, Jjje^'HI 
7 a (r,g)e-^^, 



S(r, q) = ^2mu){q) j d 3 a} b {r, a)^^"^ = 

d 3 a[cu(q)^T, a) - m^.(t, a)^"^'* s) 
'I b (r,q)e^^, 
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b*(T,q) = j2rruv{q) I d*afc{r,a)e 



h{r, q)e 



-iif> b (T,q) 



<t>a{T, 3) 



2my/m 2 + A 



m 2 + A0(r, a) + ifr^* (r, a) 



— J dq^fu(q)a(T,q)e 
1 



2my/m' 2 + A 

2 

m 



m 2 + A0(r, <x) + ift(f)* (r, a) 



dqJuj(q)b(T,q)e 



-i(u){q)T-q-o) 



T, CT 



■[0 a + ^](r,a) 



7i> (r, trj 



2 (m 2 + A)V4 
Mr, a)]* = -i\j^{m 2 + A) 1/4 [0 a - (r , a) 



(8.38) 



Let us now assume that the fields satisfy Eq. (f4.29| ). Then, we can define the canonical 
A f.* , v bA vA/vr _ ^ i v \ XT i> „„j ui,*,. jdA vA/vt _ 



transformations a, a* ^ P", X^(X^ = r + X a(j) ), H a , K a and b,b* ^ P b % X^(X^ 

, > v'A £)A r\A wt„ 



r + X 6 A H 6 , K 6 , and then X* PA, X b % P h \ » X* P* M, Qi. We get 



P; = mJ d 6 a[(jf aS Jw? + A0 a + <P* b ^m 2 + A0 6 ](r, a), 



+ 



r + X 
1 



d 3 a[(f)* a Jm 2 + A0 a - <p* b Jm 2 + A0 fc ](r )C r) 



l a - 4>t d 4>b) (r, o) 



d 3 q 



- ilT a 2 



Anim J 1 q 2 co(q) 

J d 3 ae i(i - s {m 2 + /\)- l l%u(q) + ^m 2 + A)0 a + (u(q) - ^m 2 + A)0*](r, a) 



(/n 



fd 3 ae-^ ff (m 2 + A)-V 4 [(cj(g) + V ^?+A)^ + - ^m 2 + A)0 6 ](r, 
/dVe^m 2 + A)- 1 / 4 ^) + ^m 2 - + + V™ 2 + A)0 6 ](r, a) 



fd^e-^im 2 + A)- 1 /4[( w ( g ) _ ^ + A)0 a + (u%) + ^mH A)<fe](r, a) 7 ' 

/ d q—e ^ y 

urn J g 4 

Jd 3 ae^ ff (rn 2 + A)" 1 ^^) + ^m 2 + A)0 a + - ^m? + A)fc)(r, a) 



(in 



J d 3 ae~^(m 2 + A)-V 4 [(cc>(g) + ^m 2 + A)0* + - ^m 2 + A)0 6 ](r, a) 
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it, a 



-In 



1 



fdPae^jm 2 + A)- 1 / 4 [(w(g) + y/m 2 - A)0* + (u(q) + \/m 2 + A)0 b ](r, a) 
Jd s ae-^(m 2 + A)- 1 /4[( £J ( g ) _ ^ + A ^ o + + ^ + A)0*J(r^) 



4tt 2 
ll 

rn - 



2irim J q 2 uj(q) 

J^ae^im 2 + A)~ l ^[{uj{q) + sjni 1 + A)0 a + (u(q) - y/m 2 + A)0*](r, 5) 



(Zn 
— Zn 



J(i 3 ae-^(m 2 + A)- 1 /4[( CJ ( g ) + ^ + A)0* + - ^m 2 + A)0 6 ](r, a) 
J^ae^jm 2 + A)- 1 / 4 [(cj(g) + y/m^K)4>* a + (a;(g) + y/m 2 + A)0 b ](r, a) 
f&ae-^im 2 + A)- 1 /4[( CJ ( g ) _ ^ + A)0 a + (w(g) + ^m 2 + A)^](r, a) 



/ cZ g— e - 

7rm 



(in 
+ln 



cr 



q 

J^ae^jm 2 + A)~ 1 / 4 [(u;(g) + ^+A)4 + (u(q) - y/m 2 + A)0*,](r, 
Jd 3 ae-^(m 2 + A)- 1 /4[( a; (g) + ^/ m 2 + A)</>* + (u%) - y/m 2 + A)0 b ](r, a) 
Jd 3 ae^ ff (m 2 + A)- 1 / 4 [(cu(g) + yF"5)^ + (cu(g) + Vm 2 + A)0 fc ](r, g) 
/ci 3 ae-^(m 2 + A)-V4[(u;(g) _ ^m 2 + A)0 a + (a;(g) + ^m 2 + A)^](r, c?) 

1 



,(r;-P; + Q-B a ]e 



/2w(ife) 



m 



A 6S (r; + gf , B 6 ] e ^-+B^^+»^]). 



5.39) 



In terms of these variables Eqs. (|3.34| ) and ( |3.33| ) become 
H r = M-\(t)-H p (t), 



+ m I d A a 

t 
2 



ieA±(r, a) 



1 



Vm 2 + A 



[# + &]( 



5 



r, cr 



Vm 2 + A 1 



+ _A 2 L (r,a)^==[C + b ](r, a) 
Vrrr + A 



1 



e 2 m 2 r d 3 aid 3 a 2 



327T 7 Cl — (72 



y/rr^TK 



m 2 + A 1 [0:-0 b ] 



1 



v 7 ™ 2 + Ai 



a + <P b \{r, a) 



m 2 + A 



2 



v 7 ™ 2 + Ai 

fc] /„_■, i a Wa + M ~ 



y/m 2 + A 2 

- A/m 2 + A 2 [0* - <j> b ] J= ; A =[0 a + V/, 



v 7 ™ 2 + A 2 

7? p (r) = P (r) + | cZ 3 cr(7r ± x B)(r,*) « 0, 

5 s rs = Sl s (r) + [ d 3 a\a r (n ± x B) s - a s (n ± x B) 



140) 
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In Appendix Ethere is the expression of the interaction terms in M in terms of a, b. 

The fields (f> a , 4>b, are solutions of the coupled Hamilton equations generated by H R 
and these equations cannot be decoupled when the associated Feshbach-Villars Hamiltonian 
cannot be diagonalized: in these cases (p a does not correspond to a positive [negative] 
energy solution. 

Only when we have the collective and relative canonical variables of the transverse elec- 
tromagnetic fields A±, 7Ti, we will be able to add the gauge fixings for the constraints TL P ~ 0, 
defining the rest frame, and to get the final form of the physical Hamiltonian for classical 
scalar electrodynamics in the rest-frame Wigner-covariant instant form of the dynamics. 



D. The energy-momentum tensor. 



The conserved energy-momentum tensor of the isolated system formed by the Klein- 
Gordon field plus the electromagnetic field is [D^>(j)(x) = [d^ — ieA^{x)\(j)(x)\ <j)(z(r,a)) = 
0(t,<7); A,(z(r,a)) = z A (r,a)A A (r,a); T&(x) = F^(x)F a »(x) + \^F^{x)F aP {x)} 

Q^(x) = F txa {x)F a v (x) + ^ u F a/3 {x)F aP {x) + 

+ (D^4>(x))* £> (A)i >(x) + (D^ u ^(x))*D^y(x) - 
- T]^[(D^ a 4>(x))*D^J(x)] = 



Z A Z B\[9 9 9 + ~ A 9 9 9 l-rDE-rcF + g m <p <p + 



^AB CD RF 



AB2i* 



4 l 

BC„AD g^g^ Kdc + leAcW {do _ wAd) 



+ [g AC g BD +g BC g AD „AB „CD 



TlfZ (x) + Tj. a (x) 



d v G v »(x) = 0, 

=> d v T£ A (x)= -F^(x)J^(x), (8.41) 

where the conserved electromagnetic current of the Klein-Gordon field is [c^J^ =0 is 

replaced by ^ = at the Hamiltonian level on the Wigner hyperplanes with = e given 
in Eq.(fm])] 

J£(r, a) = -i[(d^ + iei")^*0 - 4>*{d^ - ieA^](z) = 

= -iz^ A {r,a)[{d A + ieA A )(j>*(j> - <\?{d A - ieA A )(P](r, a) = 
= iz^ (r, a) [7T0* 0* - (r, a) + 

+ <(r, a)[<f)*(d r - teA r )<f) - (d r + 2eA r )0>](r, a). (8.42) 
On Wigner hyperplanes with T s = r in the Coulomb gauge we have 

j$(T s , a) = /(p s )i[Vf - *M T si °) + 

+ e?(u(p s ))i$*(d r - ieA\)4> - (d r + ieA r ± )Ft\{T a , a)]. (8.43) 

On the Wigner hyperplanes we get the following expression for the energy-momentum 
tensor 
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0^ [x!{T.)+eZ{u{p.))<T«] 



u^ipsKips) ^(vr 2 + B 2 ) + 7r ,7r + (9 + z'eA)0* ■ (d - ieA)<P + m»j (T s , a) + 
1 



+ e?(u(p s )y s (u( Ps )) [-5 rs (n 2 + B 2 ) - (vr'V + B r B s ) + 5 rs (n r ^ - m 2 0*0) + 
+ (S ru 5 sv + 5 rv 5 su - 5 rs 5 uv ){d u + ieA u )<f (d v - ieA v )<p] (T„ a) + 

"(tt x B) r + 7r r (d r + ieA r )<P* + ^{d r - ieA r )<j)} {T s , a), 



(8.44) 



whose expression in the A T (T s ,a) = r] em (T s ,a) = Coulomb gauge, where, from Eq. ( |S.28| ), 
we have n r = TT r ± + j^Q with Q = i[7r^*0* — n^} [so that Eq. flS.llp becomes = 

Jd 3 aQ(r, a)], is 



[xP s (T s )+4(u(Ps))v u ) 



\^l + B 2 ) 



L Z, LA 

+ + 0+ iel ± )4>* ■ - iel ± )} + m 2 (f)*^ (T s , a) + 



+ e?(u( Ps )y s (u( Ps )) [f'iA + B 2 ) - (vtItt! + B r B s ) + 



vrj. • —Q - k 



A 



+ e(6' 
+ 5 rs (V^ -m 2 0*0) + 

+ (<T u <r + - 5 rs 5™)(9 n + ieA u ± )4>* (d v - ieA\)$\ (T s , a) + 

+ iu»( Ps y r (u(Ps))+u»(p s X(u(p s ))} 

\n ± x B) r + V(^ r + ieA r ± )4>* + ^(V - ieAD^l (T 8 , cr), 



6% [a£(T.) + 4 (u(p s ))a u } = 

= —2 fc^n^ — (d + ieA±)(f)* ■ (d — ieA±)(f) 

H = J d 3 a<d^u„(p s ) = 

= Mu»(p s ) + H r p (T s y(u(p s )) « Mu"(p s ), 

©5 = cy«(p.))4(ti(p.))e^ = 

^ rs (vri + 5 2 ) - (tt>1 + B r B s ) + 



2m 



2 j* 



+ e 2 (h-day 



8 /> 8 r ~d s 
— Q) 2 - —Q—Q) + 

•2" V A ; A A ' 
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+ (S ru S sv + 5 rv 5 su - 5 rs 5 uv ){d u + ieA\)ft {d v - ieA\)$\ (T s , a). (8.45) 
The Dixon multipoles with respect to the origin x% (r) are 

t%"^ v {T s ) = J d s aSx^(a)...5x^(a)e^ s (T s ) + <£(«(p.)K] = 

= < 1 (^(P S ))---C(«(^))^(n(p s ))6^(n(^))^--^(T S ), (8.46) 

and all the derived multipoles for the interacting case can be obtained from these ones 
following the scheme of Section V. 

With the same techniques we can study the multipoles t^ 1 - flnflp (T s ) and all the related 
ones P^ai S^ai J^"^™^ of T^ A . The Dixon multipoles of the electromagnetic field in the 
rest-frame instant form will be studied in a future paper. 

Let us remark that in absence of the electromagnetic field, namely in the free theory of 
a complex Klein-Gordon field, we have 

eHa£(T.) + *«(p.)K] = T^[x?(T s ) + e u (u(p s ))a u ] = 

= u"(p a K(p,)[7i>7^ + ,90* • d<P + m 2 <j)*<f)}{T s , a) + 

+ [u»(j) s )e v r {u(p 8 )) + u u (p s )e^u(p s ))][rr^d r (f ) * + vr^>](T s , a) + 

+ e»(u(p s )y s (u(p s ))[5 rs (^*^ - m 2 0*0) + 

+ (5 ru S sv + 5 rv 5 su - 5 rs S uv )d u ^d v (p}(T s , a), 

t£-^(T s ) = [ dV&F {a)...5x^{a)T^ H{T S ) + ei{u{p s ))a u \ = 



= < 1 («(^))---<;(«(P,))^(«fe))^(«(^))/Tr r ' lAi? (^), (8.47) 

and, again with the methods of Section V, we can define the Dixon multipoles [^'"^"^(Tg) 
and the related ones] of the complex Klein-Gordon field in absence of interaction. In 
particular, from Eq.(|5TD|) we get tf(T s ) = eg {u(p s ))I r £ T {T s ) with I^J(T S ) = -P^ = 

J d 3 a a r \n^-K^ + d<p* ■ d<p + m 2 0*0](T s , a) and its vanishing identifies Dixon's center of mass 
(Moller noncanonical center of energy) r^; then the canonical 3-center of mass can be 
obtained with the methods of Setion VI. 

Then, as in the case of a real Klein-Gordon field, one can look for the canonical transfor- 
mation from the center-of-phase canonical basis Xf, P/, P4, Qf, H a (r, k), K a (r,k), to a 



center-of-mass canonical basis gj, P^ = sj (PI) 2 - P|, P , R$ , Qf, B.' a (r 7 k), K' a (r, k). 

Now R, shouls describe the relative position of the "centers of mass" for the "a" and 
"6" modes of the field configuration. In the free case Eqs.( p6[ ) show that the theory can 
be reformulated in a non-local way as the sum of two theories, one for each mode: see 
Ref . p5f for the Lagrangian associated to Eqs. (|D^) in the framework of pseudo-differential 



operators. This implies that the energy momentum tensor can be written as the sum of two 
pieces, one for each mode, and that the multipole expansion and the associated definition 
of center of mass can be applied to each piece. Already in the present framework, by using 
Eqs. (|D5| ) and by making integrations by parts, we get J^(T S ) = / fPVfvr^.vr^ + d<p* ■ d(f> + 
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mWlCM = m J <P*[<l>* a y/m* + A0 a + + A0 6 ] (T„ a) = I£(T a ) + I£(T a ) and 

I r T 7(T s ) = JdV[7r^ + V0](T s ,a) = im/dV^^a + #0^ & ](T fl ,<?) = J a T(T s ) + 
IH T {T S ) = —Pa^r'acf, — Pb4> r b4>- Then we could evaluate <f a and and we expect to have 
<f O = = % + and = X H = % - \R^. 

The Dixon multipoles || for the electromagnetic current J£ are 

n > 0, 

j^(T s )=j^--^(T s ) = J d 3 a5x^(a)..Jx^(a)J^T s ,a) = 

>(p a ) | dVc7 ri ...(T r »i[V0* - vr 0](T s ,a) + 
+ <£(«(?•)) / d 3 acr ri ...a r H$*(d r - z'e,41)0 - (<9 r + ieA r ± )$*$\(T s , a) 

«Mi(p.)5r" /lBM (r-) = o, 

71 = 0, 

>ai[^-ieAi)*-(^ + <eAi)^(r. I ?) = 



= ?*u M (p,) + e?(u(p s ))im J + fe )^(0a + 06*) - 

- ieA r ± {(m 2 + A) _1/4 (0* + 06)][(m 2 + A)~ 1/4 (0 a + 4>* b )])(T s ,a) 
qf-^{T s ) = q^\T s ) = j£"^{T s )u»(p s ) = (n > 0) 

= e£fa(p s ))...e£(u(p,)) / <Paa*...a r H[fy4* -fi+$\(T s ,ff), 



UrMff™* g (T.)=0. (8.48) 

In Ref. it is shown how to arrive to the following reconstruction of the electromagnetic 
current in terms of the multipoles (if f(k) is analytic) 

<Jlf> =J d±x4(x)f(x) = jdT s J *^f( k )e-**-<?.) 
r °° (—i) n 

j d'oj;[x s {T s ) + 5x s (a)] £ ^-^...^-"^(T.) = 



n=0 



/■ 00 1 - d n f(r) 
7 '~„n! J * 1 s W...&rH* =a;s(Ts) ' 



n=0 



= gLJ- ^-^g- / dT s 5 4 (x - x.(T.))if (T s ). (8.49) 

It is also shown that if the multipoles j^ 1 '" flnfJ '(T s ) are known for all n > N for some fixed 

N, then and the multipoles with n < N are completely determined. 
See Appendix C for other types of multipoles. 
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IX. CONCLUSIONS. 



In this paper we have made a detailed study of the kinematical description of scalar Klein- 
Gordon fields on the Wigner hyperplanes of the rest-frame Wigner-covariant instant form of 
dynamics. We have considered a Klein-Gordon field configuration as a relativistic extended 
object and we utilized both phase space techniques from relativistic particle mechanics and 
multipolar expansions from relativistic fluidodynamics to study aspects of the Klein-Gordon 
field which are usually ignored notwithstanding the relevance of scalar fields in physics: 
Higgs particles, Bose-Einstein condensation, Brans-Dicke scalar-tensor general relativity and 
multipolar expansions for the theory of gravitational waves, boson stars. 

Simultaneously, we have used the Klein-Gordon field as an example to explore the de- 
scription of isolated systems on the Wigner hyperplanes showing how the elusive concept 
of "relativistic center of mass" has to be divided in an "external" part (with respect to an 
arbitrary Lorentz frame) and in an "internal" part (inside the Wigner hyperplane). In both 
cases a canonical noncovariant Newton- Wigner-like center of mass, a covariant noncanonical 
Fokker-Pryce center of inertia and a noncanonical noncovariant Moller center of energy may 
be defined only in terms of the generators of suitable realizations of the Poincae algebra. 
The three "internal" centers weakly coincide due to the three first class constraints defining 
the rest frame of the isolated system and are, therefore, gauge variables inside the Wigner 
hyperplanes. Namely there is the gauge freedom in the choice of the "external" timelike 
worldline to which they have to be attached. Now, in the description of the Wigner hyper- 
plane with respect to an arbitrary Lorentz frame in Minkowski spacetime this gauge freedom 
is reflected in the arbitrariness of the choice of a timelike worldline x%(t), with noncanonical 
4-coordinates, to be used as origin of the "internal" 3-coordinates. The natural gauge fixing 
for this gauge freedom is to put the three weakly coinciding "internal" centers in this origin: 
in this way the origin x%(t) is forced to coincide with the "external" covariant noncanon- 
ical Fokker-Pryce center of inertia and simultaneously to satisfy the conditions for being 
both the Pirani and the Tulczyjew centroid. Around this worldline there is a noncovariance 
worldtube (whose finite extension is measured by the Moller radius |2^fl) containing all 
the pseudoworldlines of the noncovariant "external" canonical Newton- Wigner-like center of 
mass and noncanonical Moller center of energy. 

Naturally, one could fix the gauge freedom in a different way by identifying a different 
"internal" collective 3- vector with the origin in such a case becomes one of the many 
possible covariant noncanonical centroids existing in literature and does not coincide with the 
"external" Fokker-Pryce center of inertia. For instance this happens for the Klein-Gordon 
field, because we do not yet know its canonical basis containing the "internal" center of 
mass 3-vector. In the Longhi-Materassi canonical decomposition of the Klein-Gordon field 
in collective and relative variables this 3-vector is replaced by another 3-vector, which can 
be named the "internal" center of phase of the field configuration by its construction. 

The other main result of this paper is the identification of the canonical basis containing 
the "internal" center of phase of the Klein-Gordon field and of its multipoles in the framework 
of the rest-frame Wigner-covariant instant form of dynamics. 

Therefore, many unrelated kinematical concepts find a well defined setting on the Wigner 
hyperplanes of the rest-frame Wigner-covariant instant form of dynamics, which seems to 
be the natural tool (like the separation of the center-of-mass motion in the nonrelativistic 
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case) to be used in relativistic statistical mechanics and in lattice gauge theories due to its 
intrinsic Euclidean signature (without any Wick rotation) and to its associated description 
of the evolution by means of the Lorentz scalar rest-frame time measured by the clock of 
the decoupled (but noncovariant) point particle observer defined by the "external" canonical 
center of mass. 

Even if much work is still needed to clarify all the aspects of the multipolar expansions of 
the Klein-Gordon field and of its properties as a relativistic extended object, especially for 
the charged fields of scalar electrodynamics, now we have a well defined framework in which 
to make further investigations and a first completely worked out canonical decomposition of 
the field in collective and relative variables. 

A final comment on quantization. The canonical basis of the Klein-Gordon field con- 
taining the center of phase does not seem a good candidate for the quantization of the field 
in the rest-frame instant form of dynamics both due to the complicated expression of the 
original fields in terms of the new variables and to the fact that there is no sound canonical 
quantization of phases and angles (different is the case with their exponentials) as can be 
seen from the various articles contained in Ref . [ 23| . Let us remark that the problem of the 
non measurability of absolute phases (see the previous reference) is connected with the open 
problem of the measurability of the "external" decoupled noncovariant canonical center of 
mass of an isolated system (the quantization of these degrees of freedom would generate an 
equivalent of the "wave function of the universe") as it is clear from the Longhi-Materassi 
canonical basis, in which the collective position variable is built starting from the phases of 
the Fourier coefficients of the Klein-Gordon field. 
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APPENDIX A: NOTATIONS FOR SPACELIKE HYPERSURFACES. 



In this Appendix we will review the background material from Ref. |1J needed in the 
description of physical systems on spacelike hypersurfaces. 

Let {E T } be a one-parameter family of spacelike hypersurfaces foliating Minkowski space- 
time M 4 and giving a 3+1 decomposition of it. At fixed r, let 2^(r, a) be the coordinates 
of the points on S r in M 4 , {a} a system of coordinates on E T . If a A = (<j t = r;a = {o~ r }) 
[the notation A = (r, f) with f = 1,2,3 will be used; note that A = r and A = f = 1, 2, 3 
are Lorentz-scalar indices] and d A = d/da A , one can define the vierbeins 

4(r, a) = d A z»(r, a), d^z\ - d A z% = 0, (Al) 

so that the metric on £ r is 

9Ab( t , &) = z a( t > °)v^z U b( t ' ^)» 9tt(t, a) > 0, 

g ( T , a) = -det\\g Ae (T,a) || = (det \\z^(r, a) ||) 2 , 

j{r,a) = -det \\gfs(r, &) \\. (A2) 

If 7 rs (r, a) is the inverse of the 3-metric grs{T,&) [7 r "(r, <x)g„,s(T, <x) = d>£], the inverse 
g AB (r, a) of ^s( r > °0 [9 AC ( r , °)9cb( r , *) = 8§] is given by 

9 {T,a) = — — , 
^(r,c?) = -[^7"1(r,a), 

0«( r , a) = W, a) + ft^ffl (r, <?), (A3) 



so that 1 = g rC (T, a)gg T (r, B) is equivalent to 



We have 



and 



where 



9 J' °—s = 9tt{t, B) - Y s (t, a)g Tf (r, a)g TS (r, a). (A4) 
7 (r, a) 



z?(t, a) = dip + g T rY s z?)(T, a), (A5) 
V 7 



V ^ = z^T,a)g AB (r,a)z'<(T,a) = 

= (l"r + z?i n 4)(T t 0) t (A6) 



P(r,a) = (-^e% 7 ^f4)(r,a), 

/ 2 (r,c?) = l, Ur,a)z^(r,a) = 0, (A7) 
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is the unit (future pointing) normal to £ r at 2 M (r, a). 

For the volume element in Minkowski spacetime we have 



d A z = <(r, a)drd% = dr[<(r, a)/ M (r, a)] ^ 7 (r, c?)tfV = 

lg{r, a)drd 3 a. (A8) 



one can use 



Let us remark that according to the geometrical approach of Ref. \7A 
Eq.(K3) in the form z!f(r,a) = N(t, (t)P(t, a) + N f (r, a)z?(r, a), where N = Jgff 



TT 



V 9tt — Y s 9rfgTs and N r = g T sY r are t ne standard lapse and shift functions, so that g 

V f N s d _ 7 _j_ 
N 2 ' dzt V ON 



N 2 + //r ,.v.Y\ //;; . = ^A s \ <r = iv- 2 , <r = -iV7^ 2 ,^ = Y s + ^ i& = lpm + 



The rest frame form of a timelike fourvector p' 1 is P ^ = rjy/p 1 ^; 0) = if' 'r)\fj? , P 2 = p 2 , 

o 

where r/ = signp°. The standard Wigner boost transforming P M into p M is 



M , 9 P^ (P^+P )(Pu+P„) _ 

1 + u°(p) 

v — e£(w(p)) = = p^/vyP^, 

v = r e^u{p)) = {-uM-X- ^^ )- (A9) 

o o 

The inverse of L fJ, u (p^p) is L^ u (P,p), the standard boost to the rest frame, defined by 

L» v (p,p) = L/(p,p) = L^(pi)|^_ ? . (A10) 

Therefore, we can define the following vierbeins [the e£f(w(p))'s are also called polarization 
vectors; the indices r, s will be used for A=l,2,3 and o for A=0] 

e A Mp)) = L A Ll {kp) = v AB ^ B Hp)\ 

<>(p)) = -t r VrWp)) = (5 rs u s (p); 

4{u(jp)) = u A (p), (All) 

which satisfy 
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<(«(p))£(«(p)) = €, 

vT = ^(u(p)) V AB e" B (u(p)) = u»{p)u»{p) - £ e?(ii(p))<(ii(p)), 

r=l 

^ab = e^(w(p))^e^(M(p)), 

= = °" (A12) 

The Wigner rotation corresponding to the Lorentz transformation A is 

1 \ 

Ki(A,p) r 



R^(A,p) = [L(p,p)A- 1 L(Ap,p)f u -- 1 1 



K l j{A,p) = (A -1 )' (^WA- 1 ^ 



3 PpiA-^o + vVp 1 



f u.-i.o ((A _1 )° - l)p / g(A _1 ) /3 j 



p° + 77VF [(A ^(A-^o + VP ] ' (A13) 

The polarization vectors transform under the Poincare transformations (a, A) in the 
following way 

e?(u(Ap)) = {R-\ s A» v e" s {u(p)). (A14) 
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APPENDIX B: THE KLEIN-GORDON FIELD. 



Let us review the main results of Ref. ||. For the sake of simplicity we shall denote 4>(x) 
the Klein-Gordon field <f>(x) of Section III. 

Given a real field, solution of the Klein-Gordon equation, <f>(x) = <f>*(x) = <fi(x°,x) = 
J dk[a(k)e- ik - x + a*(k)e ik - x ] [with dk = d 3 k/tt(k), tt(k) = (2ir) 3 uj(k), u{k) = k° = Vm 2 + k 2 , 
k = \k\; a(k) and da{k)/dk l are assumed to be in L 2 (dk); a(k) is x°-independent in 
the free case without self interactions V(4>)}, its conjugate momentum is ir(x) = = 
— i J dkuj(k)[a(k)e~ tk ' x — a*(k)e ]. The 10 Poincare generators 



ird^cf) - -r/ 0/ V - 0(f>) 2 - m 2 <j) 2 ]\ {x°, x) 



J <t> 

jij 
roi 

<J A, 



d 3 x 

dk k^a*(k)a(k), 

d 3 x[(n(x^d u -x v d»)(f>)(x ,x) - -(xY°-iT)(t 2 - (dcf)) 2 - m 2 <p 2 )] (x°,x), 



d 3 x 



-i fd~ka*(k)(k^-k^ i )a(k), 



dti 



x° I d 6 x{Tid l <P)(x°,x) - - \ d 3 xx l [tt 2 + (d<PY + mV]« x) 



X 



°P;-i I dka*(k)u(k)-^a(k) 



{p{, n) = o. { jt. pj> = pfv vp - W, 

r juv xpcri _ ua jvp | up jfiv _ up jua _ va jpp 

\ J <f> i J <j> i — 7 (f) ' I J <t> 7 J 7 J <p J 

are finite if >fc» m k~^~ a , o > 0, and |a(fc)| — >fc<< m e > 0. 



By putting a(fc) = y I(k)e llf( - k \ one gets 
P( = Jdkk»I(k), 

fi = sdki{m^-ti^(k), 

j; = x°Pi + $dki(k)u(k)^ v (k), 

and they are finite if: a) for k — ► oo one has |/(fc)| — > k~ 3 ~° , a > 0, — ► fc; b) 

for — > one has -> k~ 3+e , e > 0, |y?(fc)| ^ k 71 , r]> -e. 

The non vanishing Poisson brackets of these 3 canonical bases are: {4>(x°, x), n(x°, y)} = 
5 3 (x - {a(k), a*(q)} = ^n(k)5 3 (k - q), {1(f), cp(q}} = n(k)5 3 (k - q). 

Let F(P^, k) = F(P^ ■ k, PT) be a real scalar weight function, arbitrary apart the normal- 
ization / dkk^FiP^, k) = P%] a simple choice for F is F ~ e~ p, *' fc . One assumes a behaviour 
of F for k — > oo and k — > such that all the integrals, which depend on F, are finite. 

Then one can define the following canonical basis 
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X$ = J dkip(%)—F(P*k\ 

= J d~kk»I(k) = J dkWFtPfrk), 

H{k) = J dk' G(k,k')[I(k') - F(P 4 ,,k')] 

^k^oo k~ 3 - a , a>0; ^ k ^ k- 1+e , e > 0, 
}C(k) = V<p(k)^ k ^ 00 k 1 ~ e , e>0; ^ k ^-\ 77 > -e, 

{X$ } P;} = {H{k), K(q)} = n(k)S 3 (k - q), 

I(k)=VH(k)+F(P lj>} k) } 

<p{k) = k ■ X ( f ) + [dk' I dk" K(k')G(k', %')A$',k). (B2) 

Here, T> is the non compact operator T> = 3 — m 2 A^^, with Alb being the Laplace- 
Beltrami operator on the mass shell submanifold H\ defined by k^k^ = m 2 and k° > 0. 
The Green function G satisfies Uj;G(k,q) = Q(k)5 3 (k — q). Finally, one has A(k,q) = 
n{k)8\k-q^-q^F{P h k). 

The Poincare generators are given by 
p/< 

r 4> 1 

jf = (x° + x;)p; - x;p; + J d~kn(k)u(k)-^x(k). (bs) 

This canonical transformation exists (without problems from the existence of the zero 
modes of the operator T>) only if the field configurations <fr(x), solution of the Klein-Gordon 
equation, with ir(x) = d(p(x) / dx° , satisfy the conditions: 

A) P lm = JdkI(k)v[%,iJk) = Jd~kF(P^k)v[% M (k) = 0, 
and, in the case that I(k) — >jc-^o k~ 3+v with rj > I + 1, also 

B) Q lm = J dkI(k)vi% M (k) = / dkF(P h k)v ( °l, M (k) = 0, 

where the u^'s are zero modes of T>. The conditions A) are non void only for I > 2 and are 
called "no supertranslations conditions" in Ref. J7j: when they are satisfied, the constants 
of motion P/ m are functionally dependent on the momenta of the new canonical basis [when 
they are not satisfied, the Pi m are independent constants of motion allowing the definition 
of a BMS algebra and this destroys the possibility of definining a unique Poincare algebra 
in a non ambigous way]. 
One has 

<f>(x) = J dk \]F(P^ k) + VH{k) 

' e ik-{X 4> -x)+i J dk J dk" K.(k ')G{k ,fc")A(fc" ,k) _|_ c c 



ir(x) = -ifdk u{k) \j F{P <t „ k) + VH(k) 
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ik-{X 4 ,-x)+i j dk' j dk" K(k')G(k' ,k")A(k" ,k) _ 



C.C. 



(B4) 



Let us remark that on the Wigner hyperplane F{P ( j >) k) may be replaced with two scalar 
functions F T (P^q), F(P^q) [F h-> ^(P^q) = F T (P^, \q\) - F(P^q)}, so that the center- 
of-mass variables would be 



X<p= I dq <p(r,q) 
P 



dF^(P^q) 
dPI 



J dq <p(r, q) 

j dq cu(q) I(t, q) = J dq u(q) F T (P;, q), 

dF(P^q) 
dPs ' 



dq ql(r,q) = / dq qF(P h q). 



(B5) 



Instead of this generically non polynomial weight functions, we use in this paper weight 
functions linear in the Poincare momenta: F T (P^, q) = P^ F T (q), F(P^, q) — P$- qF(q). 
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APPENDIX C: MORE ON DIXON'S MULTIPOLES. 



Let us add other forms of the Dixon multipoles. 

In the case of the real Klein-Gordon field treated in Section V, the Hamilton equations 
( |4.40| ) imply [in Ref. || this is a consequence of c^T^ = 0] 



dT s 

Let us define for n > 1 



: 0, for n = 0, 



(CI) 



= 4r(«(p.))"-^(«(p.))^(«(p0)^" , ^ T (r.), 

d£~^(T s ) = c^-^iTs) = p^-^(T s ) - p^ 1 -^ (T s ) = 



c^-^(T s ) = 0, 
and then for n > 2 

f jlil...lJnlM> /rp \ _ ( ji^\---P-n){nv) (rp \ _ ^IXl...tlnfW /p \ _ 

n+1 



n 



n 



e ri ■■• e r„ e A e _B 



n 



^(p s ))I^ B (T s ), 



d^ 1 -^ (T s ) = 0. 



Then Eqs.( pl|) may be rewritten in the form 
1) n = 1 

t p(T s ) = t { r\T s ) =p£(T.K(p.) + ^(SrCW] + 2^(T.)), 



4 



(C2) 



(C3) 



<§f(r.) = p^{t s )u v \ Vs ) + ^r(T.) = ^(p.k(p.) + p;u^{p s yXu{p s )) + 

+ eif(tt(p,)K»(p,) / dWi[7r 2 + (^) 2 + mV](T s ,a) + 



(J 
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^pSTCW] = 2pJf(T.Kl(p.) = 2^(«(p.)K I (p.) « o, 



2t^(T s ) = 2«^( Ps )6^(T s ) + ^(p s )^ )iy (T s )[0] + ^(&r(T s ) + cgr(T.)), 



d A. 



tT(T.) = u>(p.)bF(T.) + S^(T s )[<j>]u u) (Ps) + ^(^(T s ) - cT(r.)), 
3) n > 3 



-c^-"- &1 (T.K)(p.)+ 



n * <iT s n + 1 

This allows to rewrite < T MZ/ , / > in the following form 



I tl*-»w(T a )+*(£"-^W(T 8 )), (C4) 



< T^,f> = J dT t 

00 

+ E 



(27T) 



u {lx {Ps)p u J(T s ) - ik p S^(T s )[cf>}u»\p s ) + 



-1 



n=2 



jU I, fPl-PnliV/rp \ 



with 



■J^Pl—PnP-Vfrp _ J-(P1---Pn)(pv) /rp \ _ ( jp.\...p* n p,V (T£ _ 

— ( 



n + 1 



n — 1 



f n ••' r r,',' r V/j ,, ( e n 1 --- e rT e A e B + 



(C5) 



J^-^^^T,) = 0. 



Finally, a set of multipoles equivalent to the Xji 

n > 



Pl-.-PnPl' 



is 



(C6) 



jfMl...fMnfJ^po- (rp \ _ j(^l...fl n )[^u\[pa] frp \ _ 1 -fil...^n[p[pv]u] 



~(T S ) = J£ 



t 



Hl...fj,„\p[pv]cr] 



(T s ) 



n + 1 



(T s ) = 

u]p,l...p„[pa] 
T 
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e n " e r n t r t s t A t B 
1 



(«(p s ))I^" r " AB (T s ) - 



uHPs)e v X<Ps))^{u{p s ))ei{u{ Ps )) + 



71 + 1 

+ « l '(p.)< I («(p.))eir(t»(p.))^(t»(p.)) 



[(n + 4)(3n + 5) linearly independent components], 



n > 1 



jfll...fl n - 1 (fl n liu)ptj /rp \ g 



n > 2 



j-y,\...p^,p,V /rp \ 



n + 1 



(C7) 



The j^--Vnpvpo are ^ e Dixon "2™ +2 -pole inertial moment tensors" of the extended sys- 
tem: they [or equivalently the X! r 1 "' tJ ' nflu, s\ determine its energy-momentum tensor together 
with the monopole pj. and the spin dipole S^ u . The equations d^T^ u — are satisfied due to 
the equations of motion (|C3|) for PJp and Sip" [the so called Papapetrou-Dixon-Souriau equa- 
tions given in Eqs. (|5.18| )1 without the need of the equations of motion for the jj^-^^vpa 
When all the multipoles j^-^pvp° are zero ^ QT negligible] one speaks of a pole-dipole field 
configuration of the real Klein-Gordon field. 

For the electromagnatic current of Section VIII the Hamilton equations (|8.35|) [equivalent 
to df, Jt = 0] give 



_ i^ = 

dT s ' 



dT s ' n3 * 
By introducing the multipoles 

"Pl---PnP (rp \ _ "■pi.-.pnp /rp \ ' 
a <t> — J(f> \ S ) J 

the previous equations become 



n > 1, 



(pi_...p n p) 



(C9) 



f,(T s ) = q^(p s ) + 



dT s 



n = 0, 



jp-wpj ■ a£-^(T s ) + q^{T s )u»\p s ) + 
1 dqf^iTs) 



+ 



71 + 1 



dT s 



n > 1. 



(CIO) 
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Let us introduce the new multipoles 



1 dqf-^{T s ) 



3^^{Ts)-u^{ Ps )q^^{T s )- 



n + 1 dT s 



n > 1, 



(^i...fj, n fj.) 



(T a ) = 0, 



In Ref. PI it is shown that we have 



(Cll) 



<4,f> = JdT s 
Q$(k,T a ) = e ~ ik - x ^ 

& ik-x s (T s ) 



,Ni f(k)Q»(k,T s ), 



(2k) 



q<t>w 



q<pw 



n=l 



nl 



'-i) n 2n 



(p.) + £ ^^^■■■KA" 1 ^ n) "^ 



(C12) 



where the following new multipoles have been introduced [for n=0 we get Q 



+ 



#«" J (p.)] 



Qr"(T s ) = Q 



(/ii...^t„)[/ii/] 



(T s )=m^^" [H (T s ) = 
m) + ^-gT-^^(T s )^(p s ), n>0, 



"■/xi.../i n [/i^] 







/Ji...^ n _i[/^ ri /ii/] 



n+ 1 
(T s ) =0, n > 1, 



^ 1 (PsW- w (T s ) = 0, 



2n 



n + 1 



(C13) 



The multipole Q^"' pnpu (T s ) is called the Dixon "2 ra+1 -pole electromagnetic moment ten- 
sor". The charge q^ and these multipoles determine the electromagnetic current j^, whose 

conservation is simply equivalent to ^ = 0. 

Therefore the complex Klein-Gordon field interacting with the electromagnetic field is 
an extended object defined by the inertial multipoles P^ai ^,a> J^' flnfiu and by the elec- 
tromagnetic multipoles q^, Q^ 1 '" flnfl . 

Then in Ref. || there is a study of the Lorentz force F p = —F^J^ and it is 
shown that the equations d v T^ A = — F M and <9 M J p = imply only the relations ^ = 0, 

-^=T^{F a ^Q v ^- Vnpa ), -^r- = J r ^ u (F a/3 , Q v ^"' Vnpa ) [see Dixon's paper for the criticism 
of the standard pole-dipole approximation]. 
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APPENDIX D: THE FESHBACH-VILLARS FORMALISM. 



As in Ref. M, let us consider the two-component Feshbach-Villars formalism for the 
complex Klein-Gordon field [[11] [see also Ref. [|T2| , p~3|| ] . If we put (t{ are the Pauli matrices) 



m 



{t, a?) = -j=[<p + x\(t, a) = -j=(<k + ifa){T, a) = 

dq[a{r, ^ e -miyr-9-3) + b*( r , £) e +iM<^-^)] ; 



-(-Ki + i7r 2 )(r, a) 



—n^ (t, ff) = —[,p- x ] ( r , a 



V2 l 



y/2: 



rn 



m 



<p(r, a) 



$(r, a) 



\ 1 I % 2 

[0 + -ti>](t, 5) = -[0i + -7T! + 2(0 2 + -7r 2 )](r, a) = 
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n? 



+ 



1 
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/Y 



T,a) = / dqe-** 9 $(T,$) = dqe 



-tq 



m 

.(9 
\ x 



m+uj(q) 



-i(uj(q)r-q-o) 



V2 

/ m—Lu(q) 



+ 



I m 



{q) )b*(T,q)e +i ^-*% 



q) 



(Dl) 



the Hamilton equations for the Klein-Gordon field become 



1 -2 

id T ip(r, a) = [^—(-id) {<p + x) + "m<p](r, a), 

o 1 ^ 2 

id T x(r,a) = [- — (-id) (<p + x) -mx){r,a), 
2m 



(D2) 



In the 2x2 matrix formalism we have 



1 - 2 

i<9 T $(r, a) = [—(-id) (r 3 + ir 2 ) + mr 3 ]$(r, a) 
2m 

= H$(t, a). 



(D3) 



Since p = ^-$*r 3 $ = ^(^V ~ = — ^0) is the density of the conserved 

charge ^ (see the Gauss law), the normalization of $ can be taken J c? 3 cr($*r3$)(r, a) = 

14) N at f,—N h( j s e 
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As shown in Ref. [IT|, the free Klein- Gordon field has the Hamiltonian H a = f-(r 3 + 



iT2)+mT3 in the momentum representation and this Hamiltonian can be diagonalized (oj(p) 
+\/m 2 + p 2 ) with a T3-unitary matrix U(u(p)) [U^ 1 = T3UW3; H Q is T3-hermitean, H D 
t 3 HW 3 ] 



H , v = U-\uj(p))H U(uj(p)) = u(p) r 3 



\J m 2 + p 2 








— \Jm 2 + p 



U-\u(p)Wt,$=(^ u )(t,P) 



u(p) 



id T ®u(T,p) 



m\j2m \ 

( %d T (p v {r,p) 
\ id T Xu{r,p) 

U{u(p)) 



J ] a(r,p)e-^ r 6*(r, p)e +i ^ T ] 

= H 0jU 3>u(t,p) 
1 



u(p)<pu(t,p) \ 
-w(p)Xu(r,p) ) ' 



=[(m + cj(p))l + (m — w(p))ti], 



<fu(r,p) 
Xu(r,p) 



2^muj (p) 

U^(uj(p)) = — [(m + w(p))l - (m - w(p))ri], 

2 J moo (p) 

(m + u{p))ip(T,p) - (m-u(p))x(T,p) \ 



1 



1 



uj(p)4>(r,p) + -^=n r (r,p) 



a)(p) 



2m I Ju(p)(j>(T,p) 



^*{r,p) 



Mr,p) 



<p(r,p) 
X(i~,p) 



U(u(p)) 
1 



^^^ = / (m + w(p))0 o (r, p) + (m - w(p))ft(r, p) 
2^mu{p) \ (m + uj(p))^l(T,p) + (m-u(p))4> a (T,p) 

Therefore, we can introduce the following two Klein-Gordon fields 

(pair, a) = <pu(r,a) 



(D4) 



2\Jmy / m 2 + A 



[(m + ^/m 2 + A) ip — (m — \Jm 2 + A)x]ij~, a) 



2m\/m 2 + A 



^m 2 + A0 + 27T0» ] (r, a) 



— / dq^u{q)a(r,q)e 



dqJuj(q)JFT(q)u(q)PL, - F(q)q- P a4> + V q H a (r, q) 



J J dk J dfe'K a (r,fe)6(fc > fc')A(fc',q)-ia;(q)(r-XJ (/ ,)+ig--(a : -X a0 ) 



' - dq^u(q)JF-( q )u(q)[-P^ + Qj] - • + 



^H a (r,g) 



e 



+ifdkf dk' K a (r,fc)£!(^fe')A(^,g-)-ia;( 3 )(T-[XJ+ifl5])+^(o ! -[^+i^]) 



Mr, #) = Xu(t> *) = i = ., -- \( m + \/m 2 + A) X * - (m - yJm? + A)<p*] (r, a) 

2Jm\Jm 2 + A 

Ym 2 + A0* + m](r, ff) = 



2my/m' 2 + A 
2 



■i{w{q)T-q-S) 



— J dqyJu{q)b{T, q)e 

I dq^j^F^^P^ - F(q)q- P H + V g U b {r, q) 



>1 J dq^J(q}^F-(q)u;(q)[-P} - QJ] - • - Q ] + P ? H 6 (r, g) 
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tt^(t, a) = 0(r, a) = -^(m 2 + A) 1/4 [0 a (r, a) - #(r, a)} = [tt^t, a)]*, 



d 3 a[u{q)<l>(T, a) + ^*(r, ^e^M, 
a*(r,g) = ^2muj(q) f d 3 <x0*(r, B)e~ i ^ T ^ S) = 



d 3 a[u{q)(f)*{T, a) + in^r, a^g-^teW^ 
b{r, q) = ^2mw(q) f d 3 a<j) b {T, a)e l{u){q)T ^ S) = 



d 3 <T[u{Q)<t>(r, 3) - (r, a)}e l ^ T ~^\ 
b*(r,q) = ^2mu{q) J d s a(f)* b {T, ^e^^-^ = 

dV[a;( g )f(T,a)+^(r,a)]e- i(w(9)T - f?) . (D5) 



They are solutions of the square-root Klein-Gordon equation [see Ref. [25] for the study 
of this equation by using the theory of pseudodifferential operators] with both the energy 
and the electric charge of the same sign: positive for a and negative for <p b - 



id T <f> a (r, a) = yjm 2 + A0 a (r, a), q 4> = N a(j> , 



id T (j) b (r, a) = -\jm 2 + A0 b (r, a), q <t> = -N b(j) . (D6) 

Like in the case of the Foldy-Wouthuysen transformation for particles of spin 1/2, also in 
the spin case the exact diagonalization of the Hamiltonian cannot be achieved in presence 
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of an arbitrary external electromagnetic field [11|, when Eqs.( p2|) become [see Ref. 



o r 1 -> -> 2 

id T f(r, 0) = [—(-id - eA±) (ip + x) + {m + K)(p 



r,cr 



id T x(r, a) = 



r,a = -- 



^Hd- eA ± )\(p + X ) + {-m + K) X ] (r, a), 



, 3 ?(V 0* - ^0)0,^) 



47T 



— 0"i 



me 

47T 

me 2 

47T 



3 (<P*<P-X*X)(t,vi) 



d a\ 



I cr — 0i I 



d 01- 



10 — 0x1 



dkK(r, k)e 



(D7) 



In this case, Eq.( p3|) assumes the following form after Fourier transform 



H = — [p - e / d 3 £w4 ± (r, fc) e -*' a >i 
2m J 

+ / d 3 kK{r,k)e- lg t. 



r 3 + ir 2 ) + mr 3 + 



(D8) 



If we put $(r, p) = U(u(p))<&u(t,p) with the same U{p) of the free case, we get [see Ref. 



id T <£>u(T,p) = ^m 2 +p 2 t 3 $ u (t,p) + 



+ / d 6 kK(r,p- k)- 
+ [ d 3 k- 



m* + A; 2 ) 11 + {^/rri 1 + p 2 — y m 2 + /c 2 )ti 



2 Y ^/m 2 + m 2 + fc 2 

;u+n)l> c/ (r, fc), 



2y y/m 2 + fPy m 2 + /c 2 



m 2m 



(D9) 



where (^41)(t, p) means the Fourier transform of ^4j_(t, 0). 

In ref. JTT|, it is shown that this Hamiltonian cannot be diagonalized, because the sepa- 
ration of positive and negative energies is inhibited by effects which (in a second quantized 
formalism) can be ascribed to the vacuum polarization, namely to the pair production. 
This (i.e. the nonseparability of positive and negative energies) is also the source of the 



zitterbewegung effects for localized Klein-Gordon wave packets as discussed in Ref. [|11 



With an integration by parts, the constraint H(t) of Eq. (|8.32| ) can be rewritten as 
e s -^/rf 3 0(v?i + 5 2 )(r,0)- 

d 3 0$*(r, a)n[~(-id - eA ± (r, a)) 2 (r 3 + ir 2 ) + m 2 r 3 ]$(r, 0) + 



80 



+ [d^iT^M— Ua ^fK^ n^S)^. (D10) 
J &7i J \a — (Til 



($ *73g)(T, ffl) 

I a — &x I 



If we suppose that $(r, a) is normalized to / <fV$*(T, a)r 3 $(r, a) — 1/m [this is a charge 
normalization compatible with the nonlinear equations of motion, because the electric charge 
is conserved], we can rewrite the previous formula as 



+ 



J dW(r,ff)r 3 {[e s - ~ J d?a^\ + 5 2 )(r,^) + 

J \<J — (7i 



o7T J | CT — 0"i| 

- [^(-^ - eAL(r, a)) 2 (r 3 + it 2 ) + mr 3 ]}$(r, a) « 0. (Dll) 

If we assume that the nonlinear equations for the reduced Klein-Gordon field have solu- 
tions of the form $(r, a) = $(r,p)e ip ' CT + $i(r, a) with $x negligible, namely that the global 
form of the nonlinear wave admits a sensible eikonal approximation, then, neglecting $1, we 
get approximately 



J rfW(r, a)r 3 { [e.-\j d 3 a(^l + B 2 ){r, a) + 



8tc J \a — (Ti| 

- [^(p - elj.(r, a)) 2 (r 3 + *r 2 ) + mr 3 ]}$(r, a) « 0. (D12) 



If we now redefine $;j(t, a) = U 1 (ym 2 + (p — eAj_(r, a)) 2 )$(r, c?) with the same U of 
Eq.QDID, we get 



H±(t, 5) = 6 S t V™ 2 + (p T M4i.(t, 3)) 2 + 
+ ™ fj, ai ^)M) _ 1 + ^ - (D13) 



87T 7 [(7 — CTx| 2 

where TC±(r, a) ~ are the form for N=l of the constraints 

A' 



W{t) = e s - {]T ViVrnl + (k,(t) - Q,A ± (r, r/,(r))) 2 + 



i=l 



Wp(r) = g+(r) + / d 3 a[rf x x £](r, a) w 0, (D14) 
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given in Ref. || for the invariant mass of charged scalar particles plus the electromagnetic 
field, which was determined in Ref. [[j]] for the two possible signs of the energy rj = ± [with 
the Grassmann charges Qi replaced with ±|e|], when evaluated at a — ffi(r). Under the 

— * 

square root there is only a magnetic coupling to A±: in this way the quoted problems of the 
interconnession of electric fields with pair production are avoided. The Klein-Gordon self- 
energy should go in the particle limit (eikonal approximation of field theory) in the Coulomb 
self-energy of the classical particle, which is absent in Ref. |IJ because it is regularized by 
assuming that the particle electric charge Q is pseudoclassically described by Grassmann 
variables so that Q 2 = 0. Therefore, the particle description of Ref. is valid only when 
one disregards the effects induced by vacuum polarization and pair production and uses a 
strong eikonal approximation neglecting diffractive effects. 
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APPENDIX E: THE INVARIANT MASS IN TERMS OF A, B. 



The invariant mass M of Eq. (|8.40|) has the following form in terms of the Fourier coeffi- 
cients a and b [see Eqs. ([D5|) for their expression in terms of the final canonical variables]: 



M 



+ m dq\dq 2 / d 3 a 



a*(r, qi) + e 



( - 2eq 2 ■ A±(t, a) [e- <(w(9a)T -*^a(r, g 2 ) - e i(w(99)T - ft,ff) S*(r, g 2 ) 
+ e 2 li(r, a) [ e -*( w (»>-fr*)a(r, g 2 ) + e^^^^S^r, g 2 )]) - 



+ 



e 2 m 2 



(2ir) 3 / dqidq 2 dq 3 dq 4A 



\ it - 



\J w(g 2 )u;(g 4 ) 



(ft - ft) 2 



+ e 



5 3 (ft - g 2 + <f 3 - g 4 )( e -* [w(9l) ^ fe)+w(93) - w{94)lT 

(a(r, <fi)a*(r, <f 2 ) + S(r, gi)6*(r, g 2 ))(a(r, g 3 )a*(r, ft) + S(r, g 3 )6*(r, <f 4 )) + 

i[aj(gi)-w(ga)+a'(g3)-w(g4)]T' 

(a*(r, gi)a(r, g 2 ) + &*(t, gi)S(r, g 2 ))(a*(r, g 3 )a(r, g 4 ) + S*(r, ft)6(r, g 4 )) 



-i[w(iji)-tj(g2)-w(g3)+^('?4)]-r 



+ e 



£ 3 (ft - ft - ft + g 4 )(e 
(a(r, gl)a*(r, g 2 ) + S(r, gi)6*(r, g 2 ))(a*(r, g 3 )a(r, g 4 ) + S*(r, ft)&(r, g 4 )) + 

i[u>(qi)— u>(q2)— u>(q3)+u)(q4,)]r 

(a*(r, gi)a(r, g 2 ) + 6*(r, ft)6(r, g 2 ))(a(r, g 3 )a*(r, g 4 ) + 6(r, g 3 )6*(r, g 4 ))j + 



+ <5 3 (ft - ft + ft + ft) (e 



-i[a;(gi)— w(g 2 )+^(93)+w(g4)]T' 



+ e 



(a(r, gi)a*(r, g 2 ) + 6(r, gi)fe*(r, g 2 ))(a(r, g 3 )6(r, g 4 ) + 6(r, g 3 )a(r, g 4 )) + 

i[ui(qi)— uj{q2)+ui{qz)-\-ijj{q4)]r 



(a*(r, gi)a(r, g 2 ) + 6*(r, gi)fo(r, g 2 ))(a*(r, g 3 )&*(r, g 4 ) + 6*(r, g 3 )a*(r, g 4 ) 
- 5 3 (ft - g 2 - ft - ^ 4 )( e - <[a,(9l) - a ' (92) - a ' (93) - a ' (94)]r 

(a(r, gi)a*(r, g 2 ) + 6(r, gi)6*(r, g 2 ))(a*(r, g 3 )6*(r, g 4 ) + 6*(r, g 3 )a*(T, g 4 )) + 



+ e 



+ 



i[a;((ji)-w((jr2)-w(g3)-^(?4)]T 

(a*(r, gi)a(r, g 2 ) + 6*(r, gi)fo(r, g 2 ))(a(r, g 3 )&(r, g 4 ) + 5(t, g 3 )a(r, g 4 )) 
1 



(ft + ft) s 



3 -i[w(gi)+a;((j2)+a;((}3)-a;(i24)]7 



+ e 



£ 3 (ft + ft + ft - ft)(e 
(a(r, gi)6(r, g 2 ) + b(r, gi)a(r, g 2 ))(a(r, g 3 )a*( r ; g 4 ) + 6(r, g 3 )k*( r > g 4 )) + 

i[LL)(q 1 )+u)(q2)+ui{q[i)-^{qi)\T 

(a*(r, gi)6*(r, g 2 ) + 6*(r, gi)a*(r, g 2 ))(a*(r, g 3 )a(r, g 4 ) + b*(r, g 3 )S(r ) g 4 ))) - 



S3 



- 5 3 (<fi + q 2 - q 3 + g 4 )( e -^-(<?i)+-fe)--(</3)+-( 9 4)]r 

(a(r, gi)6(r, q 2 ) + b(r, gi)a(r, (f 2 ))(a*(r, ? 3 )a(r, <f 4 ) + 6*(r, ? 3 )&(r, <f 4 )) + 

_|_ g*[^('2l)+^('?2)-w('?3)+^(<?4)]T 

(a*(r, gi)6*(r, g 2 ) + 6*(r, gi)a*(r, g 2 ))(a(r, g 3 )a*(r, g 4 ) + S(r, g 3 )&*(r, q 4 )fj + 

+ 5 3 (gl + g 2 + g 3 + (e^to)^®)^®)-*-^ 



(a(r, gi)6(r, g 2 ) + &(t, gi)a(r, g 2 ))(a(r, g 3 )6(r, g 4 ) + &(t, g 3 )a(r, g 4 )) + 



e i[a;(5i)+w(g2)+w(g3)+w(94)]T 



(a*(r, gi)S*(r, g 2 ) + S*(r, gi)a*(r, g 2 ))(a*(r, g 3 )6*(r, g 4 ) + S*(r, <f 3 )a*(r, g 4 ))) 
- 5 3 (gl + g 2 - q 3 - g 4 )( e -^-fe)+-fe)— fe)— (54)]t 

(a(r, gi)S(r, g 2 ) + 6(r, gi)a(r, <f 2 ))(a*(r, g 3 )S*(r, g 4 ) + S*(r, g 3 )a*(r, <f 4 )) + 

_|_ e «[w(qi)+w(? 2 )-w(?3)-w(?4)]T 

(a*(r, gi)S*(r, g 2 ) + S*(r, gi)a*(r, <f 2 ))(a(r, g 3 )6(r, g 4 ) + S(r, g 3 )a(r, &)))])■ 
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